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1. Introduction 

In this paper we consider a sequence of linear Dirichlet problems 

u £ G H^(n e ), 

-div(A e Du e ) = f in V'{Vt e ) , 



(1.1) 



where the matrices A £ and the domains fi e both depend on the parameter e . We assume 
that the open sets O e are all contained in a fixed bounded open subset O of R n , and that 
the matrices A e , defined on O with measurable coefficients, are coercive and bounded, 
uniformly with respect to e . Our goal is to study the behaviour of the solutions u £ as e 
tends to zero. 

In the special case O e = O it is known (see Section 3) that there exist a subsequence, 
still denoted by (A 6 ) , and a matrix A , called the if-limit of (A 6 ) , such that for every 
/ G if -1 (fi) the solutions v e of the problems 

-dw(A £ Dv e ) = f in V'(Q) , 
converge weakly in Hq(Q) to the solution v° of 

-dw(A°Dv°) = f in V'(Q) , 
and satisfy also 

A £ Dv s -± A°Dv° weakly in L 2 (0, R n ) . 

Without making any further hypothesis on the open sets fi e , we prove in the present 
paper that there exists a subsequence, still denoted by (fi e ) , such that for every / G 
if _1 (0) the solutions u e of (1.1) converge to the solution u° of the problem 



(1.2) 



u° g Hq(Q) n l 2 (o, /I ), 

A°Du°Dydx+ [ u°ydii = (f,y) \/y G Hq(Q) fl L 2 (0, / u°) 



where /it belongs to *M(j~(0) , a class of a nonnegative Borel measures which vanish on 
all sets of capacity zero, but can take the value +oo on some subsets of O (see Section 2). 
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Problems like (1.2) are called relaxed Dirichlet problems (see Section 4) and have 
been extensively studied to describe the limits of the solutions of (1.1) when the matrices 
A e do not depend on e. On the other hand, problems (1.1) can be written as relaxed 
Dirichlet problems (see Remark 4.1) by considering the measures [i e defined by 

( 0, if cap(S \ fi e ) = 0, 

(1.3) ^(B) = I 

[ +oo, otherwise. 

Actually in the paper we consider not only the case of Dirichlet problems (1.1), which 
correspond to the measures \i e defined by (1.3), but more in general we study the case 
of a sequence of relaxed Dirichlet problems with arbitrary \i e e M.q(Q) . 

In the limit problem (1.2) the measure /jP does not depend on /, but, as shown in 
Section 6, it depends both on the sequence of sets (O e ) and on the sequence of matrices 
(A 6 ) (and not only on its if-limit A°). Nevertheless the sequence (O e ) has a stronger 
influence than the sequence (A 6 ) : indeed the limit measures corresponding to the same 
sequence (fi e ) but to different sequences (Af) are equivalent (see Theorem 8.1). 

In Section 5 we give a fairly general and flexible method to construct the limit 
measure fi° using suitable test functions uj £ associated to fi e and A 6 . We then pass to 
the limit in the sequence of problems (1.1) by a duality argument and obtain (1.2). 

In Section 7 we continue the study of the behaviour of the solutions u £ of (1.1) by 
giving a corrector result. By this we mean the following: when the solution u° of the 
limit problem (1.2) can be written as 

(1.4) u° = i(juj , 

where u° is the limit of the above test functions uj £ and ip is sufficiently smooth (actually 
in H 2 (Q) n W^°°(Q)), we prove that 

n 

(1.5) u s = (V> + D ^ Z T> °° e + r£ with r£ strong^ in H liP) » 

j=i 

where the functions z e depend only on the matrices A s . This provides an approximation 
of u £ in the norm of Hq(Q) by means of functions that are constructed explicitly. 

When (1.4) is not satisfied with a smooth if;, a similar but more technical result 
holds (see Theorem 7.2). We also prove a local version of this corrector result. 

Moreover, we prove (global and local) convergence and corrector results when also 
the right hand side of (1.1) depends on e and converges strongly in a convenient sense 
(see Section 10). 
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Let us finally note that results similar to those presented in this paper have been re- 
cently obtained by Calvo Jurado and Casado Diaz in [6] for a class of nonlinear monotone 
elliptic equations. 
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2. Preliminaries on capacity and measures 

In this section we first introduce a few notation. Then we recall some known results 
on measures, capacity, and fine properties of Sobolev functions. 

Notation 

Throughout the paper O is a bounded open subset of R n , n > 1. The space V{Vt) 
of distributions in O is the dual of the space C£°(fi) . The space Wq' p (Q), 1 <p< +oo, 
is the closure of C c °°(0) in the Sobolev space W rl ' p (fi) , while W-^fl) , 1 < q < +oo, is 
the space of all distributions of the form f = f + V . Djfj , with /o, /i, • • • , / n £ L q (fL) 
(if 1/p+l/q = 1, then W~ hq (n) is the dual of Wo' p (0)). In the Hilbert case p = q = 2 
these spaces are denoted by Hq(Q), if 1 (0), and if _1 (0), respectively. The norm in 
Hq(Q) is defined by 

while the duality pairing between i7 _1 (0) and Hq(Q) is denoted by (•,•). We shall 
sometimes use also the Sobolev space H 2 (Q) = W 2,2 (Q) . 

The adjoint of a matrix A is denoted by A . Since complex numbers are not used in 
this paper, the bar never denotes complex conjugation. If w is an object related to the 
matrix A, then w denotes the corresponding object related to the adjoint A. 
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Throughout the paper e varies in a stricly decreasing sequence of positive real num- 
bers which converges to . When we write e > , we consider only the elements of this 
sequence, while when we write e > we also consider its limit e = 0. 

Capacity and measures 

For every subset E of Q the capacity of E in fi, denoted by cap(-E) , is defined 
as the infimum of J fi \Du\ 2 dx over the set of all functions u G Hq(Q) such that u > 1 
a.e. in a neighbourhood of E. We say that a property "P(;r) holds quasi everywhere 
(abbreviated as q.e.) in a set .E if it holds for all x G E except for a subset N of E with 
cap(iV) = 0. The expression almost everywhere (abbreviated as a.e.) refers, as usual, to 
the analogous property for the Lebesgue measure. 

A function u: Q — > R is said to be quasi continuous if for every e > there exists 
a set fiCfi, with cap(-E) < e, such that the restriction of u to f2 \ E is continuous. A 
subset of O is said to be gitasz open if for every s > there exists an open set ^Cfi, 
with cap(yA?7) < £, where A denotes the symmetric difference. 

Every u G H l (Q) has a quasi continuous representative, which is uniquely defined 
up to a set of capacity zero. In the sequel we shall always identify u with its quasi 
continuous representative, so that the pointwise values of a function u G H 1 ^) are 
defined quasi everywhere in O. If u G if 1 (0) , then 

(2.1) u > a.e. in O <^=^ u > q.e. in O. 

If a sequence (uj) converges to u strongly in Hq{Q) , then a subsequence of (uj) con- 
verges to u q.e. in O . For all these properties concerning quasi continuous representatives 
of Sobolev functions we refer to [17], Section 4.8, [20], Section 7.2.4, [18], Section 4, or [27], 
Chapter 3. 

The characteristic function 1e of a set E C O is defined by 1e{x) = 1 if x G -E 1 and 
Ie(^) = if x G O \ E 1 . The following lemma (see [9], Lemma 1.5, or [11], Lemma 1.1) 
concerns the pointwise approximation of the characteristic function of a quasi open set. 

Lemma 2.1. For every quasi open set U of O there exists an increasing sequence (zk) 
of nonnegative functions of Hq(Q) converging to \ v pointwise q.e. in O. 

By a nonnegative Borel measure on O we mean a countably additive set function 
defined on the Borel subsets of O with values in [0, +oo] . By a nonnegative Radon 
measure on O we mean a nonnegative Borel measure which is finite on every compact 
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subset of 0. Every nonnegative Borel measure fx on O can be extended to a Borel 
regular outer measure on O by setting for every subset E of O 

fi{E) = M{fi(B) : B Borel, £CBCfl}. 

If fi is a nonnegative Borel measure on O, we shall use L r (0, fx) , 1 < r < +00, to denote 
the usual Lebesgue space with respect to the measure fx . We adopt the standard notation 
L r (0) when fx is the Lebesgue measure. 

We will consider the cone Mq{VL) of all nonnegative Borel measures fx on VL such 

that 

(a) fx(B) = for every Borel set SCO with cap(S) = 0, 

(b) fx(B) = inf {fi(U) : U quasi open, B C U} for every Borel set SCO. 

If E C O and cap(S) = 0, then E is contained in a Borel set SCO with cap(S) = 0. 
Therefore E is fx -measurable by (a). Property (b) is a weak regularity property of 
the measure fx. It is always satisfied if fx is a nonnegative Radon measure. Since any 
quasi open set differs from a Borel set by a set of capacity zero, every quasi open set is 
//-measurable for every nonnegative Borel measure fx which satisfies (a). 

Let us explicitly observe that the notation is not fixed in the literature and that in 
other works (see, e.g., [14]) Aio(Q) denotes the set of nonnegative Borel measures which 
only satisfy (a), while the set that we call M.q (O) in the present paper is sometimes 
denoted by -Mq(O) (see, e.g., [10]). 

For every quasi open set U C O we define the Borel measure fxjj by 

( 0, if cap(S \U) = 0, 

(2.2) fXu(B) = ) 

[ +00, otherwise. 

Roughly speaking, fxy is identically zero on U and identically +00 on Q\U. It is 
easy to see that this measure belongs to the class M.q (O). Indeed, property (a) follows 
immediately from the definition, and it is enough to verify (b) only for every Borel set with 
lijj{B) < +00; in this case ca,p(B\U) = 0, and this implies that V = UUB is quasi open 
(since U is quasi open), contains B , and LiuiV) = (since cap(V\?7) = cap(S\t/) = 0), 
so that (b) is satisfied. The measures fijj will be used to transform a sequence of Dirichlet 
problems on varying domains into a sequence of relaxed Dirichlet problems on a fixed 
domain (see Remark 4.1 and the proof of Corollary 5.5). 

If fx G M$ (O), then the space S 1 (0) flL 2 (0, fx) is well defined, since every function 
u in S 1 (0) is defined fx -almost everywhere and is /U-measurable in O (recall that u is 
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quasi continuous, so that {u > t} is quasi open for every t G R). It is easy to see that 
i/ 1 (0) fl L 2 (Q, fx) is a Hilbert space for the scalar product 

(2.3) (u, f)i7 1 (n)nL 2 (n, At ) = / DuDvdx+ / uvdx+ / uvdfi 

Jil JVL Jtt 

(see [5], Proposition 2.1). 

The space of all (signed) Radon measures on O will be denoted by M.(0.) , while 
Mb(ty will be the space of all fx G M.(fl) with |/u|(0) < +oo, where \fx\ denotes the 
total variation of fx. A subset A of M(fl) is bounded if for every compact set K C O 
we have 

sup \fx\(K) < +oo . 

Every Radon measure on O will be identified with an element of V(Vt) in the usual 
way. Therefore fx belongs to M(£l) D W~ 1,q (Q) if and only if there exist / , /i, . . . , f n G 
L Q (0) such that 




Note that, by the Riesz theorem, every nonnegative element of W~ 1,P (Q) is a nonnegative 
Radon measure on O. 

The cone of all nonnegative elements of if -1 (fi) will be denoted by H~ 1 (Q) + . It 
is well known that every element of H~ 1 (Q) + is a nonnegative Radon measure which 
belongs also to M.q(£1). In other words we have the inclusion H~ 1 (Q) + C M.(ft) fl 
MS (CI). 

3. if -convergence 

In this section we recall the definition of .^-convergence and the corresponding 
corrector result. Moreover we prove a fairly general convergence theorem for right hand 
sides which do not converge strongly in i7 _1 (fi). 

Throughout the paper we fix two constants a and (3 such that 

< a < (3 < +oo . 

We define (O) as the set of all matrices A in L°°(0, R nXn ) such that 
(3.1) A(x)>al, (A(x))- 1 > /3- 1 ! , for a.e. xGfi. 
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In (3.1) I is the identity matrix in R nXn , and the inequalities are in the sense of the 
quadratic forms defined byA(a;)££ for £ e R n . Note that (3.1) implies that 

(3.2) \A(x)\ < (3 for a.e. i£(l, 

and that necessarily a < (3. 

Definition of H -convergence 

A sequence (A 6 ) of matrices in M^(Ct) H -converges to a matrix A in M^(fi) if 
for every / G if _1 (Q) the sequence (u e ) of the solutions to the problems 

f ^ei^Q), 

(3.3) 

[ -div(A s Du s ) = f in D'(ft) , 

satisfies 

-u e — ^ u° weakly in Hq(Q) , 
A £ Du £ -± A°Du° weakly in L 2 (fi, R n ) , 
where w° is the solution to the problem 

r ^€^(0), 

(3.4) 

[ -dw(A°Du°) = f in P'(fi) . 

Every sequence of matrices in M^(fi) has a subsequence which if -converges to a 
matrix in M% (O) (see [25] and [23]). 

Denoting the adjoint of A e by A e , it is easy to prove that the sequence (A e ) H- 
converges to A when the sequence (A 6 ) if -converges to A . 

If U is an open set contained in fi, we can consider also the notion of if -convergence 
in U , replacing O by U in the definition. It is not difficult to prove that (A 6 ) H- 
converges to A in U , for every open set U C f2, if (A e ) ii"-converges to A in O. 

Corrector result 

Besides the compactness result mentioned above, one of the main theorems is the 
corrector result (see [23], and [1], [24] in the periodic case). Let (ei, . . . , e n ) be the 
canonical basis of R n . For j = 1,2, ... ,n there exists a sequence (zj) in ii" 1 (0) such 
that 

(3.5) z) -± weakly in H\tt) , 

(3.6) A e {Dz] + ej)^ A° ej weakly in L 2 (0, R n ) , 

(3.7) -div(A e (L>4 + e,-)) -> -div(A° ej ) strongly in H' 1 ^) . 
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Throughout the paper we will also assume that 

(3.8) z] -> strongly in L°°(fl) , 

(3.9) z) -± weakly in W x *(ft) for some p > 2 ; 

using De Giorgi's and Meyers' regularity theorems, such a sequence can be constructed, 
for instance, by solving the problems 

zjeHi{iV), 

-div(A e ( J D^ e + ej )) = -div(A%) in V'(ft') , 

where ft' is a bounded open set with ft CC ft' , and A 6 is extended by al on O' \ O. 
(The use of ft' is needed here only to obtain a global W 1,p (fi) bound for Zj in the case 
where dfl is not smooth.) 

Let / G H~ 1 (fi), let (-u e ) be the sequence of the solutions to (3.3), and let u° be 
the solution to (3.4). Given 8 > 0, let ips be a function in C£°(fi) which satisfies 

(3.10) (3 I \Du° - Dijjs\ 2 dx < 5, 

Jn 

and let Vg be defined by 

n 

(3.11) V f ^^X^^- 
Then (see [23]) 

(3.12) limsup a / (Dm 6 - Dvf| 2 cte < 5 . 

If w° belongs to C%°(fi), we can take ^ = u° in (3.10) for every 8 > 0, so that 



(3.13) uf = w e = u° + D j u ° 



and (3.12) implies that 

(3.14) Du e - Dv e -> strongly in L 2 (0, R n ) , 
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which means that Du £ is equivalent to Dv £ (and also to Du° + ^ . Djii Dz £ , using 
(3.5)), as far as convergences in L 2 (fi, R n ) are concerned. 

In the general case where u° only belongs to Hq(Q), we obtain from (3.12) that 

n 

Du £ = Difj s + ^2D j ijsDz £ j +R £ 5 , with limsup \\Rs\\h(n,n") <— ■ 

J = l 

This is a corrector result: indeed it allows one to replace Du s by an explicit expression, 
up to a remainder R £ 5 which is small in L 2 (0, R n ) for 6 small, uniformly in s; similar 
corrector results have been obtained also in the case of local solutions. Applications can 
be found, e.g., in [2] and [8]. 

A convergence result 

We conclude this section with the following convergence result, which is implicitly 
used in various works (see, e.g., [3]). Observe that there is no boundary condition on the 
solutions u £ and that the right hand sides f £ do not converge strongly in if _1 (Q) . 

Theorem 3.1. Let (A £ ) be a sequence of matrices in M^(fi) which H -converges to a 
matrix A in M^(fi), and let (u £ ) be a sequence in i7 1 (0) such that 

u £ — L u° weakly in i7 1 (0) , 

(3.15) 

-div(A £ Du £ ) = f in V'(Q) for every e>0. 
Assume that f £ = g £ + H £ + v £ for every e > , where 

(g £ ) is relatively compact in W^ C ' P (Q) for some p > 1 , 
(3.16) (p £ ) is bounded in M(fl) , 

v £ > in V'{Q) . 



Then 
(3.17) 



f e ~^ f° weakly in H 1 (0) and strongly in W lo ^' 9 (Q) for every q < 2 , 
A £ Du £ ->> A°Du° weakly in L 2 (0, R n ) . 



In the present paper, this theorem will be used with [i £ = and (g £ ) relatively 
compact (or even constant) in i7 _1 (0). 

Proof. Let K be any compact set of R n with K C O, and let cp E C^°(0) with cp > 
on O and cp = 1 on K . We have 

(3.18) 0< / dv £ < / ipdis £ = / A £ Du £ Dipdx - (g £ ,<p) - / ipd/j £ . 

J K JO. JQ JQ 



10 



G. DAL MASO and F. MURAT 



Because of (3.2), (3.15), and (3.16), the right hand side of (3.18) is bounded independently 
of e . This implies that 

(3.19) (z/ e ) is bounded in M{fl) . 

For every bounded open set U of R n , the embedding Wq' v (U) C Cq(U) is compact 
for every r > n. This implies that the embedding Aii,(U) C W~ 1,S (U) is compact 
for every s < n/(n — 1) , and therefore the embedding A4(Q) C W^ C ,8 (Q) is compact 
for every s < n/(n — 1) . Therefore (3.16) and (3.19) imply that (p £ + u £ ) is relatively 
compact in W^ ,S (Q) , which implies that (f £ ) is relatively compact in W^ ,t {Q) for 
some t > 1. On the other hand, we deduce from (3.15) and (3.2) that (f £ ) is bounded 
in if _1 (0). By interpolation, (f £ ) is relatively compact in W^ ,q (Q) for every q < 2. 

Let now v° be an arbitrary function in C^°(0) , and, for every e > 0, let v £ be the 
solution to the problem 



(3.20) 



-dw(A £ Dv £ ) = -dw(A°Dv°) in V'(fl) . 
Recall that the sequence (A £ ) .£/" -converges to A , so that 



v e v° weakly in Hq (O) , 
(3.21) A £ Dv £ A°Dv° weakly in L 2 (0, R n ) 



weakly in W^(Q) for some p > 2 



where in the last assertion we have used Meyers' regularity result (see [21]). 

Let (p E C^°(0). Using v £ (p as test function in (3.15), and u £ (p as test function in 
(3.20), we have 

(f = I A s Du e Dv e (pdx+ j A £ Du £ Dcpv s dx = 

(3.22) 

= (-dw(A°Dv°) 7 u £ (p) - / A e Dv e D<pu e dx + / A £ Du £ D^v £ dx. 

Passing to a subsequence, we may assume that 

A £ Du £ -± a weakly in L 2 (0, R n ) , 
(3.23) _ _ 

f £ — ^ / weakly in H 1 (0) and strongly in W loc ' q (Q) for every (/ < 2 , 
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for some a G L 2 (Q, R n ) and / G . It is now easy to pass to the limit in the left 

and right hand sides of (3.22) by using (3.21), (3.23), and Rellich's compactness theorem. 
One obtains 

</,*V> = 

= {-div(A Dv°),u°cp) - [ A Dv Dipu°dx+ [ aDipv°dx 



= [ A Dv°Du°pdx+ [ aDpv°dx 
Jo. Ja 



(3.24) 

= / A u Du u Dv { 'ipdx+ I aDcpv u dx 
Jn Jn 

Since 

(3.25) -div(a) = / in V(Q) , 
one deduces from (3.24) that 

(3.26) / aDv°pdx= / A Du°Dv°pdx, 

for every <p G C^°(0) and every v° G C^°(0) . Since, for every point x G O, the vector 
-DU°(a;) can be chosen to coincide with any prescribed vector of R n , (3.26) implies that 

a = A°Du° a.e. in O , 

which, together with (3.25), gives / = f° . The uniqueness of the limits in (3.23) implies 
that the whole sequences converge, and this completes the proof of (3.17). □ 



4. Relaxed Dirichlet problems 

In this section we recall the definition, introduced in [13] and [14], of relaxed Dirichlet 
problems associated with measures fx G M.q (Ci) , and prove that, under some conditions 
on the data, the measure \i can be reconstructed from the solution of the corresponding 
relaxed Dirichlet problem. 
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Relaxed Dirichlet problems 

Given A G Mf (O) , \i G .Mo (O) , and / G if -1 (O) , we call relaxed Dirichlet 'problem 
the problem of finding u such that 



By a straightforward application of the Lax-Milgram lemma problem (4.1) has a 
unique solution u (see [14], Theorem 2.4) and u satisfies the estimate 



A connection between classical Dirichlet problems on open subsets of O and relaxed 
Dirichlet problems of the form (4.1) is given by the following remark. 

Remark 4.1. Using Theorem 4.5 of [18] it is easy to check that, if U C Q is open 
and nu is the measure introduced in (2.2), then u G Hq(Q) fl L 2 (fi, /j,u) if and only if 
the restriction of u to U belongs to Hq(U) and u = q.e. in O \ U . Therefore when 
fx = Hu problem (4.1) reduces to the following boundary value problem on U : 



in the sense that u is the solution of (4.1) if and only if its restriction to U is the solution 
of (4.3) and u = q.e. in O \ U. 

The name "relaxed Dirichlet problem" is motivated by the fact that the limit of 
the solutions to Dirichlet problems on varying domains fi e always satisfies a relaxed 
Dirichlet problem (see, e.g., [14] and [11], and also Corollary 5.5 below). Moreover, the 
results proved in [14] and [12] ensure that every relaxed Dirichlet problem on O can be 
approximated in a convenient sense by classical Dirichlet problems on a suitable sequence 
of open sets (fi e ) included in O. 

Reconstructing the measure \i 

We now want to reconstruct the measure from one particular solution of the 
relaxed Dirichlet problem (4.1). In view of the applications we consider also solutions of 
the equation in (4.1) which do not necessarily satisfy the homogeneous Dirichlet boundary 



(4.1) 




(4.2) 




(4.3) 
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condition on dfl , but we study only the case where the solution and the right hand side 
are nonnegative. Let us fix 



(4.4) AeMf(fi), ^g7W+(0), \eH~\n) 

and a solution u> to the problem 

u g if 1 (n) ni 2 (o,/i) , 



+ 



(4.5) 



/ A Du Dy dx + / uyd/i= / ydX My G Hq(Q) n L 2 (fi, //) , 



which satisfies 

(4.6) u > q.e. in O. 



Remark 4.2. From the Lax-Milgram lemma, there exists a solution of (4.5) which 
belongs to Hq(Q); by the comparison principle (Theorem 2.10 in [13]) this solution 
satisfies (4.6), so that the set of such functions ui is not empty. 

The following proposition (proved in [13], Proposition 2.6) will be frequently used 
throughout the paper. 

Proposition 4.3. Assume (4-4), (4-5), and (4-6)- Then there exists v G if _1 (0) + 
such that 

(4.7) -div(A Du) + v = A in V(Q) . 



For technical reasons, the reconstruction of the measure /i from oj requires the 
following assumption: for every quasi open set U in O we have 

(4.8) cap(*7 n {u = 0}) > =>• X(U) > . 

Remark 4.4. Condition (4.8) is satisfied in the following (extreme) cases: 

(a) u > q.e. in O; 

(b) X(U) > for every quasi open set U C Q with cap(C/) > 0. 

Note that (b) is always satisfied if X(U) = fjjfdx with / G L 1 1 oc (0) and / > a.e. 
in O, since, by Lemma 2.1 and (2.1), every quasi open set with positive capacity has 
positive Lebesgue measure. 
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Proposition 4.5. Assume (4-4)? (4-5), (4-6), and (4-8). Then 

(4.9) u G Hq(Q) fl L 2 (fi, n) =>• w = q.e. in {uj = 0} 
Moreover for every Borel set B CO 

(4.10) cap(S n = 0}) > =>• j u( J B) = +oo. 



Proof. The proof is along the lines of Lemma 3.2 of [11], with some important variants, 
due to the fact that now A is not the Lebesgue measure. 

To prove (4.9) it is enough to consider a function u G Hq(Q) fl L 2 (0 7/ u) such that 
< u < 1 q.e. in O. For every k G N let Uk be the solution of the relaxed Dirichlet 
problem 

f g Hq(Q) n l 2 (o, fi) , 

ADukDydx+ / Ukydfi + k / Ukyd\ = k / uydX 
q Jn Jn Jn 



(4.11) 



By the comparison principle (see [13], Proposition 2.10) we have < Uk < ku q.e. in O, 
hence Wfc = q.e. in {uj = 0} . 

Taking y = Uk—u as test function in (4.11), from (3.1) we obtain, by using Cauchy 
inequality, 



/ \Duk\ 2 dx + / \uk\ 2 dn + 2k / \uk — u\ 2 d\< 
Jq. Jq. Jq 

- / \ADu\ 2 dx+ / \u\ 2 dii. 
» in in 



< 
o 



It follows that (uk) is bounded in Hq(Q) and converges to u strongly in L 2 (0, A). 
Therefore a subsequence, still denoted by (uk) , converges weakly in ^q(O) to some 
function i> in Hq(Q) such that v = u A-a.e. in O. Since -Ufc = q.e. in {uj = 0}, and 
since suitable convex combinations of (uk) converge to v strongly in Hq (O) , we conclude 
that v = q.e. in {cu = 0}. Let V = {v ^ u} . Then V is quasi open and X(V) = 0. 
It follows from (4.8) that cap(y fl {uj = 0}) = 0. As u = v in Q\V and v = q.e. in 
{cu = 0} , this implies that u = q.e. in {cu = 0} . 

Let is prove (4.10). Let U be a quasi open subset of O such that //(?/) < +oo. By 
Lemma 2.1 there exists an increasing sequence (zk) in Hq (fl) converging to lu pointwise 



Asymptotic behaviour and correctors for Dirichlet problems 



15 



q.e. in Q and such that < Zk < lu q-e. in O for every fceN. As (J,(U) < +00, each 
function zt belongs to L 2 (fi, fj,) , hence Zk = q.e. on {uj = 0} by the previous step. 
This implies that lu = q.e. on = 0}, hence cap(f7 fl {uj = 0}) = 0. 

Let us consider a Borel set B with cap(B fl {uj = 0}) > 0. For every quasi open set 
U containing B we have cap(£7 fl {uj = 0}) > 0, hence (jl(U) = +00 by the previous step 
of the proof. Then the regularity property (b) in the definition of M.q(0,) implies that 
li(B) = +00. □ 

Proposition 4.6. Assume (4-4)? (4-5), (4-6), and (4-8), and let v be the measure of 
H~ 1 (Q) + defined in (4-7). Then for every Borel set B C O we have 



(4.12) fi{B) 



and 



\ [ — , z/cap(Bn{o; = 0}) = J 
= < Jb w 

+00, if cap(B C) {u = 0}) > 0, 



(4.13) z/(S n > 0}) = / wcfy/. 

Jb 

In particular, this implies that v = oj[i on {u > 0} . 

Proof. The proof is along the lines of Lemma 3.3 and Proposition 3.4 of [11]. For every 
rj > let u v be the Borel measure defined by 

(4.14) v v (B) = udfM. 

J BC\{uj>ri} 

As to E L 2 (0, 11) , we have < ^ J n iv 2 d/j, < +00. Let us prove that 

(4.15) u v {B) = u(B n {u > n}) , 

for every Borel set SCO. Since u v is a Radon measure, it is enough to prove that 
v n (U) = u(U fl {uj > 7]}) for every open set U C O. Let us fix an open set f7, and 
let = U fl {cu > r]} . As U v is quasi open, by Lemma 2.1 there exists an increasing 
sequence (zk) of nonnegative functions of Hq(Q) converging to l v pointwise q.e. in O. 
Since fJ,(U v ) < +00, the functions Zk belong to L 2 (0, /x) . Using ^ as test function in 
(4.5) and (4.7) we obtain 

/ Zkdv = I uj Zkdfi . 
Jo. Jq 
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Taking the limit as k tends to oo we get v(U fl {uj > rj}) = v v (U v ) = v v (U) , which 
proves (4.15). When r\ tends to 0, we obtain (4.13) from (4.14) and (4.15) (recall that 
uj > q.e. in O). 

From (4.13) we have 



/j(Bn{uJ>n}) = / 

J B 



dv 

'Bn{uj>rj} u 

for every Borel set B C fl and every r\ > . Taking the limit as 77 tends to we obtain 



(4.16) p(B)= [ -, 

Jb u 

for every Borel set B C {uj > 0} . Since \i vanishes on all sets with capacity zero, 

(4.16) holds also when cap(S n {uj = 0}) = 0. Finally, if cap(S n {uj = 0}) > 0, then 
n(B) = +00 by Proposition 4.5. □ 

Density and uniqueness results 

In the next proposition we assume, in addition, that 

(4.17) weL°°(0). 

The following density result will be crucial in Sections 7 and 9. The proof is along the 
lines of Proposition 5.5 of [15], with one important variant, due to the fact that now the 
solutions Uk of the penalized problem (4.11) may not converge to u weakly in Hq(Q) 
(see the proof of Proposition 4.5). 

Proposition 4.7. Assume (4-4); (4-5), (4-6), (4-8), and (4-17)- Then the set {unp : 
ip E C c °°(0)} is dense in H^(fl) n L 2 (0, fi) . 

Proof. For every u G Hq(Q) flL 2 (0, fi) we have to construct a sequence ((pk) in 
such that (uj ipk) converges to u both in Hq (fl) and in L 2 (fl, n) . Clearly it is enough to 
consider the case u > q.e. in fl. For every j e N let vj = uA(j oj) . Since uj > q.e. in 
fl and u = q.e. in {uj = 0} by Proposition 4.5, the sequence (vj) is nondecreasing and 
converges to u q.e. in fl. By Lemma 1.6 of [9] there exists a sequence (uj) in H(j(fl), 
converging to u strongly in Hq (fl) , such that < Uj < Vj < u q.e. in fl for every 
j e N. By the dominated convergence theorem it turns out that (uj) converges to u in 
L 2 (fl,n) too. 
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We are thus reconduced to the case where u G Hq(Q) is such that < u < cu 
q.e. in for some constant c > 0. Since {{u — ce) + > 0} C {u > e}, and (u — ce) + 
converges to u in Hq(Q) PiL 2 (Q, fx) as e tends to 0, we may also assume that there exists 
e > such that {u > 0} C {u > e} . Then u/u = u/(wVe). Since w G nL°°(Q) , 

we have u G H£(Q) n L°°(0) , and thus u/w G #d(^) H L°°(0) . Therefore there exists 
a sequence in C£°(0), bounded in L°°(Q), which converges to z = u/u> strongly 

in Hq(Q) and q.e. in fi, hence /U-a.e. in O. Since w G n L°°(fi), the sequence 

(cui/Jfc) converges to u z = u strongly in Hq(Q) . As u> G L 2 (fi, //) and (cpk) is bounded in 
L°°(fi, n) and converges to z = u/u /U-a.e. in fi, by the dominated convergence theorem 
the sequence (unpk) converges to u z = u strongly in L 2 (fi, y) . □ 

The following uniqueness result will be crucial in Theorems 5.1 and 5.4. The proof 
is along the lines of Lemma 3.5 of [11], with one important variant, due to the fact that 
now the condition J Q u 2 d\ — does not imply that u = q.e. in O. 

Proposition 4.8. Assume (4-4), (4-5), (4-6), (4-8), and (4-lV- Let u be a solution of 
the problem 

ue if 1 (O)nL oo (O), 

(4.18) 

Then u = q.e. in O 



/ ADipDuudx - / ADuDipudx+ / u(pdX = Vip G C c °°(0) . 
in </n Jq 



Proof. Since u; G -ffd(fi) nL°°(fi) , it is easy to see that the equation in (4.18) is satisfied 
also for (p G Hq(Q) fl L°°(0) . Using (p = u as test function in this equation we obtain 

(4.19) / ADuDuudx-- / ADuD(u 2 )dx + / u 2 dX = 0. 

Jq 2 Jq J Q 

Using y = u 2 as test function in (4.5), from (4.19) we get 



/ 

Jq 



ADuDuoo dx + — j ivu 2 d/i+- \ u 2 d\ = 0. 
2 ./o 2 



q ^ jq * jq 



This implies 

(4.20) Du = a.e. in {u > 0} , 

(4.21) u = A-a.e. in O. 

Let U = {u ^ 0}. Then £7 is quasi open and \{U) = by (4.21). Therefore (4.8) 
implies that u = q.e. in {cu = 0}, and consequently D« = a.e. in {uj = 0} . By (4.20) 
we conclude that Du = a.e. in O. Since u G Hq(Q) , this yields w. = q.e. in O. □ 
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5. A global convergence result 

For every e > we consider a matrix A e in M^(Q) and a measure \i e in A4q(Q) : 
that will remain fixed throughout the rest of the paper. We assume that 

(5.1) A s .ff-converges to A . 

In this section we use a duality argument to prove that, under suitable hypotheses 
on (n £ ) (which are always satisfied by a subsequence), the solutions u e of the relaxed 
Dirichlet problems (4.1) for A = A e and \i = [i e converge to the solution u° of the 
relaxed Dirichlet problem for A = A and = fi° . 

Definition of special test fuctions 

For every e > we define the functions w s and w £ as the unique solutions to the 
problems 

w s G H^(Q) ni 2 (0,/i e ) , 

{ ] f A s Dw s Dydx+ [ w e yd[f = [ y dx \/y G Hq(Q) n L 2 (0, /j s ) , 
w £ G H^(Q) ni 2 (0,/i e ) , 

/ A £ Dw s Dy dx + [ w £ y d/j £ = [ y dx G Hq(Q) n L 2 (0, //) . 

By the comparison principle (Theorem 2.10 of [13]) we have 

(5.4) w e > and w £ > q.e. in O . 
Moreover, by the maximum principle, we have also 

(5.5) sup \\w e < +°° an d sup 1 1x^11^00(0) < +oo 

£>0 £>0 

(see [11], Section 3). By Proposition 4.3 there exists two measures v e and V e in H~ 1 (Q) + 
such that 

(5.6) -div(A e Dw s ) + u e = 1 , -dw(A £ Dw e ) + V s = 1 in V(Q) . 
Finally, from (4.2) we obtain 

.£|2 J„ ^ i „ / |7-lT77£|2 



(5.3) 



(5.7) sup / |Dty e | cte < +oo , sup / |-Dio e | dx < +oo , 
£>o Jn £>o in 

(5.8) sup / \w e \ 2 d[i e < +oo , sup / lufpcfy/ < +oo . 
£>o in £>o Jq 
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The main convergence result 

Given, for every e > 0, f e and f e in , we consider the solutions u £ and u 

to the following problems 



Theorem 5.1. Assume (5.1) and let w e and w s be the solutions of (5.2) and (5.3). 
The following conditions are equivalent: 

(a) w s — ^ w° weakly in Hq(Q) ; 

(b) w £ weakly in Hq(Q) ; 

(c) for every (f s ) and (u e ) satisfying (5.9), if f s — > f° strongly in then 
u e — L u° weakly in Hq(Q) ; 

(d) for every (f e ) and (u s ) satisfying (5.10), if f e — > f° strongly in H -1 ^), then 
u £ — ^ u° weakly in Hq (O) . 

Proof, (a) =3- (d) . Assume (a). By (4.2) it is enough to prove (d) when f e = f° = f e 
L°°(0) . Since the equation is linear, it suffices to consider the case < / < 1 a.e. in O, 
so that 

< u s < w s q.e. in O by the comparison principle (Theorem 2.10 of [13]). 
By (4.2) the sequence (u s ) is bounded in Hq(Q) and by (5.5) it is bounded in 
L°°(0). Extracting a subsequence, we may assume that 



for some function u £ Hq(Q) H L°°(0). We want to show that u = u° . Since the 
limit does not depend on the subsequence, this will prove that the whole sequence (u £ ) 
converges to u° . 

By Proposition 4.3 we have 



(5.9) 




(5.10) 




(5.11) 



weakly in Hq (fi) , 



(5.12) 



div(A e Du £ ) + 7 e = / in V'{Q) , 
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for some Y G H . By Theorem 3.1, from (5.6) and (5.12) we deduce that 

A £ Dw £ A°Dw° weakly in L 2 (fi, R n ) , 

(5.13) 

A e Du e -± A°Du weakly in L 2 (fi, R n ) . 

Let cp G C^°(0) . Using y = w e Lp as test function in (5.10) and y = u e ip as test function 
in (5.2), by difference we obtain 

/ A s Du s Dipw e dx- / A s Dw s Dipu £ dx = 
(5 14) "'' ' 



f w s (p dx — u £ ip dx , 
si Jn 

for every e > 0. Since (w s ) converges to w° strongly in L 2 (Q) by (a) and (u e ) converges 
to u strongly in L 2 {Q) by (5.11), using (5.13) we can pass to the limit in each term of 

(5.14) and we obtain 

/ A°DuDcpw°dx - f A°Dw°D(pudx = 

(5.15) Jn Jn 

= / fw°(pdx— / u(pdx. 
Jn Jn 

Since (5.14), with e = 0, and (5.15) hold for every (p G C^°(Q) , the difference u = u° — u 
belongs to H^(fl) n L°°(0) and satisfies (4.18) with A = A , oo = w° , and A = 1. This 
implies u = v° q.e. in O by Proposition 4.8. 

(d) =^ (b) . It is enough to take f e = f° = l in condition (d). 

(b) =3- (c) . Since (A £ ) -converges to A , we can replace A e by A e and f e by / e in 
the proof of the implication (a) =^ (d) . 

(c) =3- (a) . It is enough to take f e = f° = l in condition (c). □ 



A compactness result 

We now prove that the conditions of Theorem 5.1 are always satisfied by a subse- 
quence. 
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Theorem 5.2. Assume (5.1). For every sequence (fi e ) e >o in M.^ (Cl) there exist a 
subsequence, still denoted by ((i £ ) , and a measure fj, in M. q(CI) , such that the equivalent 
conditions (a) -(d) of Theorem 5.1 are satisfied. 

Proof. By (5.7) the sequence (w £ ) is bounded in Hq(CI) . Passing to a subsequence, we 
may assume that (w £ ) converges weakly in Hq(CI) to some function w G Hq(CI) . By 
(5.4) we have w > q.e. in Cl. Now we want to construct a measure fi° G A4q (Cl) such 
that w coincides with the solution w° of (5.2) for e = 0. 

By (5.6) and Theorem 3.1 the sequence (A £ Dw £ ) converges to A°Dw weakly in 
L 2 (Cl, R n ) . Therefore (u e ) converges to v weakly in i7 _1 (0), where v G H~ 1 (Cl) + is 
defined by 

(5.16) -dw(A°Dw) +v = l in V (Cl) . 

Let us define the measure fi° by 

{[ — if cap(S n {w = 0}) = 0, 
Jb w 
+oo if cap(S n {w = 0}) > 0. 
Using (5.16), from Proposition 3.4 of [11] we obtain that fi° G Mq(CI) and that w 
coincides with the unique solution w° to problem (5.2) for e = 0. This shows that 
condition (a) of Theorem 5.1 is satisfied. □ 

More general test functions 

We introduce now a more general family of test functions (uj s ) . While it is very 
difficult to compute explicitly the functions w s defined by (5.2), in some interesting 
situations it will be very easy to construct explicitly the new family (u e ) , from which 
one can determine immediately the limit measure n° . 

For every e > let A e G H~ 1 (Cl) + and let uj £ be a solution of the problem 

u e g if 1 (0) n l 2 (ci, fi s ), 



(5.17) y°(B) 



(5.18) 



A £ Du s Dydx+ [ u £ ydfi e = [ y d\ £ My G Hq(Q) Pi L 2 (0, ix £ ) 
Jq Jq 



We assume that 

(5.19) A e G if- 1 (0)+ for every e > , 

(5.20) A e -> A strongly in H'^Cl) , 

(5.21) uj £ > q.e. in Cl for every e > 

(5.22) u £ -± uj° weakly in H\Cl) . 
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Moreover we assume that for every quasi open set U in O we have 

(5.23) cap(U n {uj° = 0}) > =>■ A°(£/)>0, 
and that 

(5.24) w°GL°°(0). 

Remark 5.3. If condition (a) of Theorem 5.1 is satisfied, then the functions w £ , 
e > 0, defined by (5.2) satisfy conditions (5.18)-(5.24) with A e = 1 for every e > 
(see Remark 4.4). Other sequences (oj £ ) £ >o and (A e ) e >o satisfying (5.18)-(5.24), with 
uj° = 1, are constructed in [7] when /j° e -£f _1 (fi) + . 

If conditions (5.18)-(5.24) are satisfied in fi, then they are satisfied in every open 
set U C O. 

Theorem 5.4. Assume that (5.1) holds and that (a; e ) e >o and (A e ) e >o satisfy (5.18)- 

(5.24) . Then the equivalent conditions (a) -(d) of Theorem 5.1 are fulfilled. 

Proof. We will prove that condition (b) holds. By (5.7) the sequence (w s ) is bounded in 
Hq(Q) and by (5.5) it is bounded in L°°(0) . Extracting a subsequence, we may assume 
that 

(5.25) w e weakly in Hq(Q) , 

for some function w £ Hq(Q) n L°°(0) . We will show that w = w° . Since the limit does 
not depend on the subsequence, this will prove that the whole sequence (w e ) converges 
to w°. 

By Proposition 4.3 and Theorem 3.1 we have 

A £ Du £ -± A°Du° weakly in L 2 (0, R n ) , 

(5.26) 

A £ Dw £ -± A°Dw° weakly in L 2 (0, R n ) . 

Let (p G C^°(0) . Using y = u £ ip as test function in (5.3) and y = w £ (p as test function 
in (5.18), by difference we obtain 



(5.27) 



A e DvfD(pu e dx- / A e Du e D(pvfdx 

/ uj £ (p dx — w £ (f d\ £ 
Jo. Jq 
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for every e > 0. Since (u> s ) converges to uj° strongly in Lf oc (Q) by (5.22) and (w £ ) 
converges to w strongly in L 2 (0) by (5.25), using (5.26) we can pass to the limit in each 
term of (5.27) and we obtain 



(5.28) 



A°DwDipu>°dx - / A Du°D^wdx 

Q JO. 



= I u°ipdx— I wifdX 
Jo. Jo. 



(5.30) 



Since (5.27), with e = 0, and (5.28) hold for every (p G C£°(f2), the difference w° — w 
belongs to H^(Q) n L°°(0) and satisfies (4.18) with A = A and A = A . This implies 
w = w° q.e. in O by Proposition 4.8. □ 

Dirichlet problems on varying domains 

We conclude this section by considering the particular case of classical Dirichlet 
problems on varying domains. Let (O e ) e> o be a sequence of open sets, with Q s C O, 
and let /uP be a measure in A4q(Q). For every e > let w e and w e be the unique 
solutions to the problems 

w £ G H^(n e ), 

(5.29) 

" -dw(A £ Dw £ ) = 1 in V'{Q e ) , 

-div (A £ Dw £ ) = 1 in ©'(O 5 ) , 

and let w° and w° be the solutions of (5.2) and (5.3) with e = 0. 

Given / e and / e in if _1 (0) , for e > 0, we consider the solutions u £ and w e to the 
following problems 

u £ G tfrlO^)' 

(5.31) 

-d\v(A £ Du £ ) = f £ in V'{VL £ ) , 
w £ G tfdO^), 

-div(A e Dw e ) = / £ in V'(VL £ ) . 

Given / and / in if _1 (0), let u° and vP be the solutions of (5.9) and (5.10) with 
e = 0. All functions in Hq(Q £ ) are considered as functions in Hq(Q) which are equal to 
q.e. in Q \ O e . (Observe that u £ , w e , / e , and f £ are defined in the whole of O, for 
e > 0.) 



(5.32) 
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Corollary 5.5. Assume (5.1) and let w £ and w £ be the solutions of (5.29) and (5.30) 
for e > 0, and of (5.2) and (5.3) for e = 0. The following conditions are equivalent: 



(b) w £ — L w° weakly in Hq(Q) ; 

(c) for every (f £ ) and (u £ ) satisfying (5.31) for e > and (5.9) for e = , if f s — > f° 
strongly in i/ _1 (0), then u £ — ^ u° weakly in Hq(Q) ; 

(d) for every (f e ) and (u £ ) satisfying (5.32) for e > and (5.10) for e = , if f s — > / 
strongly in i/ _1 (fi), t/ien w e — L H° weakly in Hq(Q) . 

Proof. For every £ > let /iQe be the measures introduced in (2.2) with U = O e . 
By Remark 4.1 the functions iy £ and w £ defined in (5.29) and (5.30) coincide with the 
solutions of (5.2) and (5.3) with // e = . For the same reason the functions u e and u e 
defined in (5.31) and (5.32) coincide with the solutions of (5.9) and (5.10) with (i £ = . 
The conclusion follows now from Theorem 5.1. D 

Remark 5.6. Let (A e ) be a sequence in H~ 1 (Q) + and, for every e > 0, let uj £ be a 
function in H 1 (O) such that u £ = q.e. in O \ fi e and 



Let A G if- 1 (0)+ and let uj° be a solution of (5.18) with e = 0. If conditions (5.19)- 
(5.24) are satisfied, then the equivalent conditions (a)-(d) of Corollary 5.5 are satisfied. 
To prove this fact, it is enough to use Remark 4.1 and Theorem 5.4. 

6. An example 

In this section we apply Corollary 5.5 and Remark 5.6 to a model problem that has 
not yet been considered in the literature. The purpose of this example is to show that 
the measure fuP which appears in the limit problem depends not only on the sequence 
(fi £ ) and on A , but also on the sequence (A £ ) . 

To simplify the exposition, we assume n > 3 (the case n = 2 requires obvious 
modifications, as in [7]). Let us fix an exponent 7 with 



(a) w 



£ — ^ w weakly in H { 



div{A £ Du £ ) = X £ in V'{Q £ ) . 



(6.1) 



n 



1 < 7 < 



n-2 
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For every e > and i G Z n we consider the point x\ = ei , the open ball Bf with centre 
x\ and radius £ 7 , and the concentric closed ball Cf with radius e n ~ 2 . By (6.1) we have 
Cf C for < e < 1 , and the sets (Bf) i€Zn are pairwise disjoint for < £ < 2~ . 
Given a bounded open set ft C R n we define 



B e =on [J c £ = ft n (J C 



Let us fix two constants a, 6 G [a,/?] and let us define the matrices A £ , for e > 0, 

by 



(6.2) A e 0r) = 



a/ forxGO\S e , 
6/ for x G -B e , 



where we set S° = 0, so that A°(x) = a I for every xGfl. 

Since (A 6 ) converges in measure to A by (6.1), it is easy to prove that (A 6 ) H- 
converges to A . 

Finally, let O e = O \ C £ for every e > 0. 

We will determine fi° G A^q"(0) such that the equivalent conditions (a)-(d) of 
Corollary 5.5 are satisfied. Using Remark 5.6 we will construct, for e > 0, a measure A £ 
in i7 _1 (0) + and, for e > 0, a function o; e in i7 1 (0) such that a/ = q.e. in C e and 

(6.3) -dw(A £ Duj e ) = X e in P'(O e ) . 

Then we will prove that conditions (5.19)-(5.24) are satisfied, where uj° is a solution of 
(5.18) with e = 0. 

For every e > and z G Z n let uf G H 1 (Bf \ Cf) be the solution of the equation 
Acu? = on Bf \ Cf which satisfies the boundary conditions uf = on dCf and uf = 1 
on <9£?f . By explicit computation we find that 



(6.4) = c e - c s e n \x - xl\ z - n for x E Bf \ C, 

where 

(6-5) c e = 1 . 9 , — > 1 



by (6.1). For < e < 2 1 ~i we define u £ as the function which is equal to uof on 
(Bf \Cf) n ft , and is extended by on C e and by 1 on ft \ S e . 
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By direct computation we find that 

\Dujf\ 2 dx = (n-2)5 n _icV 



L 



<B e \C e 

where S n -i is the (n — 1) -dimensional measure of the boundary of the unit ball in R n . 
This yields 

(6.6) I \Du £ \ 2 dx < (n - 2) S n _i c £ N £ e n , 

where A^ e is the number of indices i G Z n such that the distance from x\ to O is less 
than e. Since 

(6.7) lim N £ e n = meas(n) < +oo , 

e— >0 

from (6.5) and (6.6) we deduce that (u/) is bounded in i7 1 (0). As (u/) converges 
to a; = 1 in measure, we conclude that (u/) converges to uj° weakly in i7 1 (0), i.e., 
condition (5.22) is fulfilled. 

Let a £ denote the (n — 1) -dimensional measure on fin dB £ and let A e be the 
measure defined by 

X s = b(n-2)c £ e n -^ n -^a £ . 

Since, by (6.4), 

^P- = (n-2) c £ e n -^ n -V on 3B £ , 

we obtain that -b Aw e = A e in V'{Vt £ ) . As Doo £ = a.e. in O e \ B £ , we have A £ Du £ = 
bDu) £ a.e. in O e by (6.2), and we conclude that (6.3) holds. 

From the properties of a £ and from (6.5) it follows that A £ G if _1 (0) + and that 

(6.8) lim / ipd\ £ = b{n-2)S n - X I ipdx, 

for every (p G C^°(0) . 

We now define yP = X° = b (n — 2) S n -i. Then condition (5.19) is satisfied and 
uj° = 1 is a solution to problem (5.18) for e = 0. Therefore it remains to prove that (A e ) 
converges to A strongly in i7 _1 (0). 

To this aim for every e > and i G Z n we consider the functions v\ defined by 



v £ {x) 



bc £ e n \x-x £ \ 2 - n if x G D\ \ Bf , 

6c e £ n- 7 (n-2) if X G -Bf , 
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where Df is the open ball with centre x\ and radius e/2. By computing the normal 
derivatives of vf on both sides of dBf we obtain that 

(6.9) -Avf = X £ on D\ , 
for < e < 2t^ . 

Let Ef be the open ball with centre x\ and radius e/A. We take a cut-off function 
ipf e C™(Df) such that ipf = 1 on Ef , and < ipf < 1, |LVf| < c/e, and |A<^f| < c/e 2 
on Df , where c is a suitable constant independent of e and i . 

Finally, we define v £ e -f/" 1 (0) by 

^ £ = E • 

By (6.9) we have 

(6.10) -Av £ = X £ +g £ , 
where 

<7 e = -2 £ Aefi*;? - £ • 

From the definition of and from the estimates for Dipf and Aipf we obtain that 
the sequence (g e ) is bounded in L°°(0). Therefore, passing to a subsequence, we may 
assume that 

(6.11) g £ — ^ (7 weakly in L 2 (Q) and strongly in i7 _1 (fi). 
Moreover we have, for < e < 4~ , 

/ \Dv £ \ 2 dx < 2 V { / |D<| 2 rfx + -W Kl 2 ^} < 
Jo. ieZn Jd<\b< e Jd*\e* 

< MN £ e n {e n - l{ - n - 2) +e 2 ), 

for a suitable constant M independent of e. Taking (6.1) and (6.7) into account, we 
conclude that (Dv e ) converges to strongly in L 2 (0, R n ), hence (Av s ) converges to 
strongly in i7 _1 (0) . By (6.10) and (6.11) we obtain that (A e ) converges to —g strongly 
in i7 _1 (0), and by (6.8) we have — g = b (n — 2) <S n _i = A . Since the limit does not 
depend on the subsequence, we conclude that (A e ) converges to A strongly in if _1 (fi). 



28 



G. DAL MASO and F. MURAT 



Therefore, by Remark 5.6, if (f e ) converges to f° strongly in H then the 

solutions u £ of the classical Dirichlet problems 

[ -div(A £ Du £ ) = f s in £>'(fi e ) , 
extended by on fi \ fi e , converge weakly in Hq(Q) to the solution u° of the problem 

( u °eH^(Sl), 

\ -dw(A°Du°) + y°u° = f° in V'(Q) , 

where fi° = b (n — 2) S n -i . 

Note that, if we change the constant b in the definition of A 6 (see (6.2)), the H- 
limit A does not change, but the measure fi° changes. This shows that fi° depends on 
the whole sequence (A 6 ) , and not only on A . 

7. Global and local corrector results 

In this section we prove a corrector result for the solutions of problems (5.9) in the 
special case f s = f=f, with / e L°°(0). In Section 10 we shall consider the case 
where (f s ) converges to f° strongly in i7 _1 (0) , together with the case of more general 
data. 

Assume that (a/) e >o and (A e ) e >o satisfy (5.18)-(5.24). In order to obtain the 
corrector result we assume, in addition, that 

(7.1) sup ||cu e || LO o (fi ) < +oo , 

£>0 

(7.2) sup / \u e \ 2 d^ e < +oo . 

e>o J a 

Remark 7.1. If conditions (5.18)-(5.24), (7.1), and (7.2) are satisfied in O, then they 
are satisfied in every open set [/CO. 

The functions w s introduced in (5.2) satisfy conditions (7.1) and (7.2), as stated in 
(5.5) and (5.8). 
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Global corrector result 

For j = 1,2, ...,n let us fix a sequence (z £ ) in satisfying (3.5)-(3.9). Let 

u° be the solution of (5.9) with e = and f° = f G L°°(Q). Let us fix 6 > and 
ips e # 2 (^) n W 1 ' 00 ^) such that 

(7.3) /? / -L>(V' ( 5W )| 2 rfx+ / l^-V^W < 5- 

Such a ips exists since the set {u)°(p : (p G C^°(0)} is dense in Hq(Q) fl L 2 (n,//°) by 
Proposition 4.7. 

For every e > let be the function defined by 

n 

(7.4) ^ = (^ + ^^4)^- 

i=i 

By (3.5), (3.8), (5.22), and (7.1) we have 

(7.5) v% ^ 6 UJ° weakly in H 1 ^) and weakly* in L°°(0) . 
Moreover we have 

n n n 

Dv £ 5 = (lk + £ D 3^z £ )Du £ + DjMej + Dz £ ) u £ + ^ DD^ 5 z £ u £ . 

3=1 3= l J =1 

The last sum in the right hand side converges to strongly in L 2 (0, R n ) by (3.8) and 
(7.1), while (Djipsz^Du; 6 ) converges to strongly in L 2 (0,R n ) by (3.8) and (5.22). 
Therefore 

n 

(7.6) Dv £ 5 = ifj 5 Du £ + DjMej + Dz £ )u £ + H £ s , 

7 = 1 

where (Hf) converges to strongly in L 2 (0, R n ) as e tends to 0. 

Since ifis G W 1,00 (Q) and (z £ ) is bounded in L°°(Q), from (7.2) we deduce that 

(7.7) sup / \v £ s \ 2 dix £ < +oo . 

E>0 Jti 

Theorem 7.2. Assume (5.1), (5. 18)-(5.24) , (7.1), and (7.2). Let 5 > and let ip s 

be a function in H 2 (tt) n W 1 ' 00 ^) which satisfies (7.3). Assume that the functions 
Vg defined by (7.4) belong to Hq(Q) . Then for every f G L°°(0) the solutions u £ of 
problems (5.9) with f £ = f satisfy the estimate 

(7.8) limsupja / \Du £ - Dvf\ 2 dx + / \u £ - v £ s \ 2 d^i £ } < 5 . 

e^O Jo, Jo, 
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Remark 7.3. In the special case u° = i/juj , for some ip € H 2 (Q) fl M /rl ' oo (0) , we can 
take ips = ip for every 5 > in (7.3), so that 

n 

(7.9) vl = v s = ^ + Y. D ^) u£ - 

3 = 1 

Therefore (7.8) implies 

(7.10) lim{a / \Du e - Dv e \ 2 dx + [ \u £ - v e \ 2 d^} = , 

which is a corrector result. 

When the measures \i £ are fixed and equal to (so that we can choose uj £ = uj° = 1 
and ip = u°), formulas (7.9) and (7.10) provide the classical corrector result for H- 
converging operators stated in (3.14) (see [23] and, in the periodic case, [1] and [24]). 
When the matrices A 6 are fixed and equal to some matrix A (so that we can choose Zj = 
0), formulas (7.9) and (7.10) with u e = w e defined by (5.2) provide the corrector result 
of [11] and [15]; with a different choice of cu e , which leads to uj° = 1, the same formulas 
give also the corrector result of [7] in the periodic case. When both A 6 and \i e depend 
on e, but uj° = 1, so that we have ip = u° , the combination of if-converging operators 
and varying domains results in the multiplication of the corresponding correctors. 

In the general case, ipg and v e 5 depend on 5 and we obtain from (7.8) that 

Du £ = Dv e s + R e s with limsup ||i?f H^m R"i < _ > 

which is still a corrector result, but in a more technical form. 

Local convergence and corrector results 

We consider now the case where the functions u e are solutions of the problems 



(7.11) 



u £ e if x (0) n L 2 (0, fi £ ), 

[ A e Du £ Dydx+ [ u £ ydfi £ = [ f y dx Vy e H%(Q) n L 2 (0, ^ e ) , 



but are not required to satisfy the boundary condition u £ = on <9fi . We still consider 
the case of data / G L°°(0) . More general data will be studied in Section 10. 

The following theorem is a local version of the convergence result given in Theorem 
5.4. It will be proved in Section 9. 
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Theorem 7.4. Assume (5.1), (5.18)-(5.24), (7.1), and (7.2). Let f G L°°(0) and, for 
every e > , let u s be a solution of (7.11). Assume that 

(7.12) u e ^u° weakly in H^tt) , 
for some function u° G H 1 ^) , and that 

(7.13) sup \\u e \\ L oo^ < +oo , 

£>0 

(7.14) sup/ \u £ | 2 d/i £ < +oo. 

Then u° is a solution of (7.11) for e = 0. 

The following lemma, which will be proved in Section 9, shows that (under the other 
assumptions of Theorem 7.4) conditions (7.13) and (7.14) are always satisfied in every 
open set (/CCfl, and also in O if every u e belongs to Hq(£1). 

Lemma 7.5. Assume (5.1), (5.18)-(5.24), (7.1), and (7.2). Let f G L°°(0) and, for 
every e > , let u e be a solution of (7.11). Assume that (7.12) holds for some function 
u° G if x (0) . Then we have 

(7.15) sup || - u e ||L°o(t/) < +oo , 

£>0 

(7.16) sup / \u e \ 2 dn £ < +oo , 

e>0 Ju 

for every open set U CC O. If, in addition, u e G Hq{Q) for every e > 0, then (7.15) 
and (7.16) also hold for U = O. 

In the next corollary H^(Q) denotes the space of all functions u G if 1 (0) with 
compact support in O. The first assertion of the corollary follows immediately from 
Theorem 7.4 and Lemma 7.5, while the last assertion is easily obtained by approximating 
any nonnegative function y G Hq (O) fl L 2 (Q, fj, ) by the sequence (cpj A y) , where <pj G 
C£°(n) converges to y in Hq(Q). 
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Corollary 7.6. Under the assumptions of Lemma 7.5, u° is a solution to the problem 
u° G fl L 2 oc (Q, , 

/ A°Du°Dydx+ [ u°ydiJ = [fydx My G H^(Q) fl L 2 (fi, . 



(7.17) 



if, in addition, u° G L 2 (0, /Z 1 ), then the last line of (7.17) holds for every y G Hq(Q) fl 
L 2 (0,/). 

Let us fix an open set (7ccO and a function £ G C£°(fi) such that £ = 1 in U . 
Given u° G Hl oc (Cl) fl L 2 oc (Q, n°) , by Proposition 4.7 we can approximate the function 
(u° in Hq(Q.) n L 2 (fy by functions of the form with ^ G C c °°(0). Therefore 

for every 5 > there exists V<5 £ # 2 (£0 n W^°°(U) such that 

(7.18) /? I \Du° -D{*l) 5 u°)\ 2 dx+ [ \u° -?/WT^° <S. 

Ju Ju 

The following theorem is a local version of the corrector result given in Theorem 7.2. 



Theorem 7.7. Under the hypotheses of Lemma 7.5, let U be an open set with U CC O, 
let 5 > 0, let ipg be a function in H 2 (U) fl W 1,oc (U) which satisfies (7.18), and let v £ 
be the functions defined in U by (7.4). Then 

(7.19) limsupja / \Du £ - Dv e s \ 2 dx + \u £ - v £ s \ 2 d^i £ } < 5 , 

e^O Jv Jv 

for every open set V CC U . 



Theorems 7.2 and 7.7 can be deduced from the following theorem, which will be 
proved in Section 9. Indeed, by Theorem 5.4 and Lemma 7.5, the assumptions of Theorem 
7.2 imply all assumptions of Theorem 7.4, so that (7.8) follows from (3.1), (3.2), and 
(7.21) with ip = 1. Similarly, the assumptions of Theorem 7.7 imply, by Lemma 7.5, 
that all assumptions of Theorem 7.4 are satisfied in every open set [/ CC O, so that we 
can apply Theorem 7.8 with Q replaced by U and with <p G C^°(U) such that ip = 1 in 
V and <p > in U\ V. 
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Theorem 7.8. Under the hypotheses of Theorem 7.4, let tp be a function in H 2 (Vt) n 
W 1,co (Q), and let v e be defined by 



(7.20) v s = {i) + Ys D i^) 

J = l 

Then for every <p G C^°(0) we have 



(7.21) 



lim{ / A e D(u s - v e )D(u s - v e ) (pdx + / \u e - v £ \ 2 <p dfj, 8 } 



[ A°D(u° -^u°)D(u -Tjjca )(pdx+ [ \u° - tp u>°\ 2 (p d/j° 
Jq Jq 



If the functions u e and v e belong to Hq(Q) n L 2 (Q,(i s ) for every e > 0, then (7.21) 
also holds with <p = 1 . 

8. A comparison theorem 

In this section we state and prove a comparison result for the limit measures ji\ 
and ^2 corresponding to different sequences of i7 -convergent matrices A\ and A\. This 
result has its own interest and will be crucial in the proof of the corrector results stated 
in the previous section. 

For every e > let A\ and A\ be two matrices in (O) . We assume that 

(8.1) A\ ^-converges to A° for i = 1, 2. 

For every e > let /j 6 be a measure in Mq(Q) , and let and ju!] be two measures 
in Mq(Q) . For i = 1, 2 and e > let wf be the solutions of the problems 

(wfeH^n)nL 2 (^^), 

I / A e i Dvf i Dydx + [ wlyd^ e = [ y dx Vy G Hq(Q) fl L 2 (fi, (i e ) , 
v Jo. Jq Jq 

and let w® be the solutions of the problems 

A° l Dw°Dydx+ [ w°ydrf= [ ydx Vy G H^Q) n L 2 (0, . 



(8.3) 



We assume that 



(8.4) weakly in ^(O) . 

Note that, by Theorem 5.2, these hypotheses are always satisfied by a subsequence. 
In this section we shall prove the following comparison theorem. 
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Theorem 8.1. Assume (8.1) and (8.4)- Then 



(8.6) cap({w? > 0} a{w% > 0}) = 0. 



(8.5) ^<A?<y <nfl, 



In particular we have L 2 (0, /Xj 1 ) = L 2 (0, ^P,) . 

In order to prove Theorem 8.1, for e > and i = 1, 2 we consider the measures 
i/f G if- 1 (0)+ defined by 

(8.7) -div(^f Dwf ) + v\ = 1 in £>'(Q) 
(see Proposition 4.3). By Proposition 4.6 we have 

(8.8) ^° = «M on K>0}. 
By Theorem 3.1 we have 

(8.9) A\ Dw\ ->> A° z Dw° weakly in L 2 (0, R n ) . 
Therefore 

(8.10) v\ -± i/9 weakly in jy _1 (f2) . 
As z/f > , by Theorem 1 of [22] we have 

(8.11) V *f -»■ V> ^° strongly in , 

for every *0 G C£°(Q) and for every q < 2. 
Let be the solution of the problem 



(8.12) 



-div(AfL>Cf ) = -div(A°D«; ) in X>'( n ) 
By the definition of H -convergence we have 



(8.13) Q -± w° weakly in Hq(Q) , 

(8.14) A\ DQ ->> A°Dw° weakly in L 2 (0, R n ) 
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Lemma 8.2. For every <p G C£°(fi) and i = 1, 2 we have 

(8.15) lim{ I A £ 1 D(w £ 1 -(f)D(w 2 : -Q)<pdx + [ wfw^dii 6 } = [ w%<pdv%, 

(8.16) lim { / A e D(wf-Q)D(w!-a)<pdx+ [ \wt\ 2 <pd^} = [ w°<pdv° . 

Proof. Let us first prove (8.15). For every e > we write 

(8.17) f AlD(w £ -( s )D(w s 2 -(l)<pdx+ [ w\w e 2 y d\f = P + IP + IIP 
Jo. Jn 



where 



P= A\Dw\Dw\lp dx + / w\w\(p dfi e 
Jn Jn 

IP = - [ AlDwfDQcpdx, 
IIP = - [ A\DCiD{wl-C e 2 )<pdx. 



'n 

Using y = w\tp as test function in (8.2) we get 



w^dx — I A\Dw\Dtpw e 2 dx . 

Since (luf) converges to w® strongly in L 2 (0) by (8.4) and since (A\Dw{) converges to 
A^Dw^ weakly in L 2 (0,R n ) by (8.9), we have 

lim/ e = / wlipdx- I AlDw° 1 D(fwldx = 
(8.18) ~° Jn ' Jn 

= / A° 1 Dw^Dw^ipdx+ / w^cpd^, 

where in the last equality we used (8.7) for e = 0. Note that we can not use wfy as test 
function in (8.3) for % = 1 because we do not know yet that w^p € L 2 (fi, (/[) . 
From (8.7) we obtain 



IP = 

(8.19) 



A\ Dw\ D(Q<p) dx + / AlDwlD^Qdx 

I Cl^dx+ [ AlDwfDipQdx. 
Jo, Jo, 
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Since ((f) converges to w 2 strongly in L 2 (0) by (8.13) and (A\Dw\) converges to 
A^Dw^ weakly in L 2 (Q,R n ) by (8.9), we have 



(8.20) 



lim { - / ( 2 cpdx + I A\DwlD(pC,ldx} = 

= - / w%<pdx+ / AlDw^D(pw%dx. 
Jo. Jn 

We will prove in Lemma 8.3 that 
(8.21) ]imM,<£<p) = 

From (8.19), (8.20), and (8.21) it follows that 

lim IT = / w%<pdv%- / w%<pdx+ / A^Dw^Dpw^dx 
Jo. Jq Jq, 



(8.22) 



A\DwlDwlipdx. 



where the last equality is obtained by using w 2 tp as test function in (8.7) for e = 0. 
From (8.12) it follows that 

III s = - [ A e 1 D( e 1 D((w e 2 -C 2 )^)dx+ [ A{DC 1 D^(w £ 2 -C 2 )dx = 
= - [ A° 1 Dw° 1 D((w £ 2 -Q)<p)dx+ [ AlD(fD<p(w £ 2 -Q)dx. 

Since (w 2 — (f) converges to weakly in Hq(Q) and strongly in L 2 (0) by (8.4) and 
(8.13), while (A\DC,{) converges to A^Dtf weakly in L 2 (0,R n ) by (8.14), we have 

(8.23) lim III s = . 

Equality (8.15) now follows from (8.17), (8.18), (8.22), and (8.23). 

Let us prove now (8.16) for a given i = 1, 2. To this aim for every e > we define 
A\ = A 2 = A\ and fi e = \i e , so that w\ = w 2 = w\ , Ci = Cl = Cf 5 an d ^1 = ^2 = v i ■ 
Applying (8.15) in this new setting gives (8.16). □ 
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Lemma 8.3. For every tp G C£°(fi) we have 

(8.24) limK,C 2 V) = K,^ 2 V)- 

Proof. Given 5 > , let (° e (O) be a function such that 
(8-25) \\(°-w 2 \\ H i m <d, 
and let £ e be the solution of the problem 

(8.26) { 

[ -div(A|DC £ ) = -div(A°L>C ) in V(Q.) . 

Using ( e — Q as test function in (8.12) and (8.26), from (3.1) and (3.2) we obtain 

(8-27) llC £ -ail^(n)<^llC -^2 |l^(n). 

As (z/f) is bounded in i7 _1 (fi), form (8.25) and (8.27) we obtain that there exists 
a constant M , independent of 5 , such that 

|K^)-K°,™ 2 V>I< 
(8.28) < |K, (CI - C £ )v?>l + IK, CV> - K°,CV>I + IK , (C° - w°M I < 

<M(5 + ik,cV)-K,CV)I- 

By Meyers' estimate, there exists p > 2 such that (C 2 */ 7 ) is bounded in Wg ' p (0) . As 
(C e ) converges to C° weakly in Hq(Q) by the definition of i7 -convergence, we conclude 
that (( £ <p) converges to weakly in Wq ,p (Q). Since by (8.11) the sequence (VK) 
converges to -i/K strongly in W~ 1,q {VL) for 1/p + 1/q = 1 and for every ip G C£°(Q), 
we obtain that 

lim (vl CV) = lim (V 1/?, CV> = (V> CV) = K°, CV) , 

where i/> is any function in C£°(0) which is equal to 1 in a neighbourhood of supp(^). 
Therefore by (8.28) 

lim sup |K, d^) - K°,^)| < MS. 
As 5 > is arbitrary, we obtain (8.24). □ 
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< 
~ «2 



+ 



Lemma 8.4. For every tp G C£°(fi) , with <p > in Q, and for every t > we have 

(8.29) / t^di/J <-{*- I wfydv? + 1 / w° 2 <pdv°} . 

Proof. By (3.1) and (3.2) we have the estimates 

/ A\D{wl -(()D(w s 2 -(l)(pdx+ / w\w\ipdn e < 

<(3 I \D(w s 1 -e i )\\D(w e 2 -(l)\<pdx+ [ wlw s 2 <pdfi £ < 

<U(3 [ \D(wt-(f)\ 2 vdx+ [ K|V^ e } + 
z Jo. Jn 

+ Up I \D(w s 2 -Q)\\dx+ I \w £ 2 \ 2 ^d^}< 

H \ j AlD(wl-(!)D(wl-C 1 ) l pdx+ [ + 

[ A s 2 D(w s 2 -C 2 )D(w s 2 -(l) ( pdx+ [ \w £ 2 \\d^}. 
& M JQ Ju 

Inequality (8.29) is obtained by applying Lemma 8.2. □ 
Lemma 8.5. The following inequality holds: 

(8.30) iA? < m n . 

a 2 

Proof. Let v = v± + v 2 . From Lemma 8.4 it follows that for every t > 

/^^n ndVl (3 ( t ndv^ 1 0^9 1 . ^ 

8.31 wS— ^ < -\-wX—± + — w° 2 —^\ z/-a.e. inO. 
v ' 2 dv ~ a l 2 1 dv 2t 2 dv J 

If we minimize with respect to t we obtain 

a diy? [5 2 dis$ 

to,— < —^w{—— z/-a.e. in Si, 

dv a 1 dv 

which implies (8.30). □ 
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Proof of Theorem 8.1. We prove only the second inequality in (8.5) and 

(8.32) cap({«^ >0}\{u;? >0}) = 0. 

The other inequality and the equality cap({wi > 0} \ {w® > 0}) = are proved by 
exchanging the roles of A\ and A\ . 

By (8.8) we have v\ = W2V2 on {^2 > 0}; so that (8.30) gives 

(8.33) v\ < on {w° 2 > 0} . 

If y G H&(Q.) HL 2 (0, /4) , then y = q.e. on {w% = 0} (see Proposition 4.5). From (8.7) 
and (8.33) it follows that 

(8.34) f A° 1 Dw ( lDydx + ^ [ w%ydf4> [ y dx 

for every y G Hq(Q) fl L 2 (0, /j,®) with y > q.e. in O. 
Let to be the solution of the problem 




(8.35) { r Q 2 , , 
A° 1 DwDydx + -- / wydf4= / y dx Wy G Hq(Q) fl L 2 (0, (i®) . 

« in in 

As < (w — w±) + < w q.e. in O, the function y = (w — w±) + can be taken as test 
function in (8.35) and (8.34). By difference we obtain 

/ A° 1 D(w-w° 1 )D(w-w° 1 ) + dx+^ [ (w-w^)(w-w^) + dfj, 2 <0, 

which implies (w — w^) + = a.e. in O, and hence w < w® q.e. in O by (2.1). Therefore 

(8.36) c&p({w > 0} n {w^ = 0}) = . 
Let us prove that 

(8.37) cap({^ > 0} n {w = 0}) = . 
It is enough to show that 

(8.38) cap({w!j > 5} n {w = 0}) = 
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for every 6 > 0. If (8.38) is not satisfied, by Proposition 4.5 we have §^^2({ w 2 > $}) = 
+oo, which contradicts the fact that w® £ L 2 (0, fj%) . This proves (8.37). 

As w > and w® > q.e. on Q by the comparison principle (Theorem 2.10 of [13]), 
from (8.36) and (8.37) it follows that 

(8.39) cap({w% > 0} n {w? = 0}) = cap({w% > 0} \ {w^ > 0}) = , 

which proves (8.32). Since v\ = «;?//? on {w? > 0} by (8.8), it follows from (8.39) that 
z/0 = on > o} , so that (8.33) yields 

«M < on {^2 > 0} • 

a 2 

As > q.e. on {w® > 0} , we conclude that 

(8.40) fil < LfjO on {w o > 0} 

or 

Let us finally prove that 

(8.41) ^? < ^2 on {«; 2 ° = 0} . 

Let B be a Borel set contained in {w® = 0}. If cap(S) = 0, then Hi(B) = ^(B) = 
0, because n\ and ^2 belong to A4q(Q). If cap(S) > 0, then ^(B) = +00 by 
Proposition 4.5. In both cases we have nl(B) < ^-^(-B), hence (8.41) is proved. 

Inequality (8.5) now follows from (8.40) and (8.41). □ 



9. Proofs of the corrector results 

In this section we prove Lemma 7.5 and Theorems 7.4 and 7.8, which give immedi- 
ately all results of Section 7 (see the comments before the statement of Theorem 7.8). 

We begin by the following theorem, which is proved by using the comparison result 
of Section 8. 
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Theorem 9.1. For every e>0, let y £ G if 1 (ft) n L 2 (0, . Assume that 
(9.1) y £ y° weakly in H 1 ^) , 



/ 

Jn 

Then y° G L 2 (0,/). 



(9.2) sup / \y £ \ dfj, £ < +oo 

£>0 



Proof. We use the notion of 7 -convergence, introduced in [14] and further developed 
in [10], which concerns the convergence of minima and minimizers of the functionals Jj 
defined on H^(Q) n L 2 (0, /i e ) by 

J s f (y) = a [ \Dy\ 2 dx+ [ \y\ 2 d» s - 2{f, y) , 

for any given / G if _1 (0). Note that the minimizer of Jj is the unique solution to 
problem (4.1) with A = al and \x = [i £ . By Theorem 4.14 of [14] there exists a 
subsequence, still denoted by (ji £ ) , which 7-converges (with respect to the operator 
-aA) to a measure ft G M.q(£1) (the regularity property (b) of jj° is obtained by using 
Theorem 3.10 of [10]). By Lemma 5.5 of [10] we have 

(9.3) a [ \Dy°\ 2 dx+ [ \y°\ 2 dfi < liminf {a [ \Dy e \ 2 dx + [ \y £ \ 2 d^t £ } < +00 . 
Jo, Jo, Jn Jo. 



Let w £ be the unique solution to the problem 

w £ g Hq fl) ni 2 (fi, /j, £ ) , 



(9.4) 



a / Dw £ Dydx + / w £ yd/j £ = / ydx \/y G Hq(Q) fl L 2 (0, / u e ) 
in in in 



By Proposition 4.10 of [14] the sequence (w £ ) converges weakly in Hq(Q) to the solution 
w° of the problem 

w° G Hq (fl) C\ L 2 (Q, f)P) , 



(9.5) 



a 



[ Dw°Dydx+ [ w°ydjj°= [ydx My G Hq(Q) fl L 2 (0, /i ) . 

«/n Jf2 Jf2 



If we apply Theorem 8.1 with A\ = A £ and A\ = al , we obtain 

(9.6) / < , 

or 

so that (9.3) implies that y° G L 2 (0, //°) . □ 
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(9.10) 



Lemma 9.2. Under the hypotheses of Theorem 7.4, we have 

(9.7) A e Du e -± A°Du° weakly m L 2 (fi, R n ) . 

Moreover there exists a E M(Q) D if _1 (fi) , with \a°\ E M(Q) D if _1 (fi) , such that 

(9.8) -dw(A°Du°) +a° = f in V(Q) . 

Proof. Since the positive and the negative parts (u £ ) + and (u e )~ of u e belong to 
Hq(Q) fl L 2 (fi, fi e ) , by Theorem 2.4 of [13] for every e > we can consider the solutions 
it| and Uq to the problems 

<-( u £ )+eff 1 (n)nL 2 (n, /i £ ) ! 

(9.9) { f r r 
/ A e Du s e Dydx+ / u e e ydfi £ = / /+yda; Vy G ^(O) n L 2 (Q, ^) , 

t4 -(«')- e ffo 1 (n) nL 2 (n,,o, 

/ A s Du £ e Dydx+ [ u%yd[i e = [ f'ydx My E H^(fl) n L 2 (0, . 
By linearity we have 

(9.11) u £ =u £ @ —u £ e q.e. in fi. 

Using y = it| — ("u e ) + as test function in (9.9), and then (3.1) and (3.2), as well as 
Poincare's and Young's inequalities, we obtain 

(9.12) sup ||u!||jyi(£i) < +oo. 

£>0 

Passing to a subsequence, we can assume that (u £ ) converges weakly in if 1 (0) to some 
function u 1 ^ . Since u £ > q.e. in fi by the comparison principle (Theorem 2.10 of [13]), 
by Proposition 4.3 there exists <t| E ii/" _1 (fi) + such that 

(9.13) -dw(A £ Du £ J +a £ e = f + in £>'(fi) . 
From Theorem 3.1 we obtain that 

(9.14) A£ Dul -± A°Dul weakly in L 2 (fi, R n ) , 
and we deduce from (9.13) that there exists cr° E if _1 (0) + such that 

(9.15) -div(A°Du°J + <t° = /+ in £>'(fi) . 

Properties (9.7) and (9.8) now follow from (9.14) and (9.15), from the analogous 
results for it| , and from (9.11). □ 
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Proof of Lemma 7.5. By (9.11) we have u e = it| — it| q.e. in fi, where m| and it| are 
the solutions of (9.9) and (9.10). Let v| be the solution to the problem 

-div(A e Z>v|) = /+ in P'(fi) . 

By the comparison principle (Theorem 2.10 of [13]) we have < w| < v| q.e. in O. 

As (w e ) + is bounded in ii/" 1 (0), the sequence is bounded in ii/" 1 (0) too. On 

the other hand the classical local L°° estimate for solutions of elliptic equations (see, 
e.g., [26]) asserts that for every open set U CC O, 

(9-16) \K\\ L ~(u) < Ct/IKIU 2 (fi) , 

therefore (vV) , and hence (it|) , is bounded in L°°(U). If w e G ffg(O), we have also 
u| G -ffg(O), and the global L°° estimate in O implies that , and hence (it|) , is 
bounded in L°°(0). A similar argument holds for (it|) , so that (u e ) is bounded in 
L°°(f7) (and also in L°°(0) if u £ G #o(^)) and (7.15) is proved. 

Let (p be a function in C£°(Q) such that </? = 1 in U . Using y = u e ip 2 as test 
function in (7.11), and then (3.1), (3.2), and the boundedness of (u s ) in i7 1 (0), we 
easily obtain (7.16). If u e G Hq(Q) , we simply use y = u e as test function in (7.11). 

□ 



The proof of Theorems 7.4 and 7.8 will be divided in three lemmas. For every e > 
let y e be a function of if 1 (0) n L 2 (0 7/ u e ) such that 

(9.17) y £ ^y° weakly in H 1 (O) , 
for some function y° in i7 1 (0). Assume that 

(9.18) sup \\y £ \\ L °°(n) < 

£>0 

(9.19) sup / \y e \ 2 d^ e < +oo. 
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Lemma 9.3. Under the hypotheses of Theorem 7.8, let y e , e > 0, be functions in 
H 1 ^) which satisfy (9.17), (9.18), and (9.19). Then y° belongs to L 2 (Q,/i°) and for 
every <p G C£°(f2) we have 



If, in addition, y s G Hq(Q) for every e > , then (9.20) also holds with <p = 1 . 

Proof. We prove (9.20) only in the case <p G C^°(0), since, under the additional hy- 
pothesis y e G Hq(Q) : the proof with (p = 1 is similar. In this proof (v 6 ) will denote a 
sequence of real numbers converging to as £ tends to , whose value can change from 
line to line. 

Theorem 9.1, (9.17), and (9.19) imply that y° G L 2 (Q,/i°). 
By (7.6) for every (p G C£°(0) we have 



By (5.22) and (7.1) the sequence (u £ ) converges to uj° strongly in L r (0) for every 



(9.20) 





/ Djij)A e (ej + Dz £ )Dy £ u £ ipdx + \ i)A £ Du £ Dy £ ipdx + n £ 



1 < r < +oo. Since, by (3.9), (z £ ) converges to weakly in in W 1,p {Vt) for some p > 2, 
we conclude that 



/ D J ^A £ (e j + Dz £ )Dy £ u £ ^>dx = i D J ^A £ (e j + Dz £ )Dy £ uj ^ dx + rf . 




Therefore 



(9.21) 




A £ Dv £ Dy £ <pdx + [ v £ y £ ^pd[i £ = I £ + II s + III s + r) £ , 



where 
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We now pass to the limit in I 6 , II s , and III s . For what concerns I £ , we write 

I s = I D J ipA £ {e J + Dz £ )Dy £ uj°pdx = 
Jn 

= (-div(A £ (e J + Dz £ )), D^y £ u Q ip) - [ A £ (e J + Dz £ )DDjip y £ u°ip dx - 

Jo. 

- / A £ (ej + Dz £ )DjiJjy £ Duj ipdx - / A £ \e 3 + Dz £ )D J ^y £ uj G D^dx . 
Jn Jn 

Properties (3.6) and (3.7) of z £ , together with properties (9.17) and (9.18) of y £ , imply 
that we can pass to the limit in each term of the right hand side of the previous formula, 
so that 

(9.22) I £ = V f D J tjjA e J Dy u ipdx + rf = [ A DtpDy°u°ip dx + rf . 

■ =1 Jo, Jo 

As for II s , we write 

(9.23) II e = [ iJjA £ Du £ Dy £ cpdx = [ A £ Du £ D{y £ ^ cp) dx - [ A £ Du £ y £ <p) dx . 

Jo Jo Jo 

As uj £ satisfies (5.18), we have 

/ A £ Duj £ D(y £ ipip)dx+ / u) £ y £ ip<pdij, £ = / y £ ip(pd\ £ , 
Jo Jo Jo 

and by (5.20) and (9.17) we conclude that 

(9.24) I A £ Duo £ D{y £ iPy)dx= [ y°ip^d\°- [ u £ y £ ip <p d[i £ + rf . 
Jo Jo Jo 

By Proposition 4.3 and Theorem 3.1 (A £ Du £ ) converges to A°Du° weakly in L 2 (0, R n ) , 
while by (9.17) (y £ ) converges to y° strongly in L^ oc (0). Therefore 

(9.25) - / A £ Duj £ y £ D(^ip)dx = - [ A Du°y°D(ij ip) dx + rf . 

Jo Jo 

From (9.23), (9.24), and (9.25) we obtain that 



(9.26) 



II s = [ y°ijipdX - [ u £ y £ ijipdiJ £ - [ A Du°y°D(ijip)dx + r] £ 
Jo Jo Jo 

= / A°Du Dy°ip(pdx+ / u°y°ip (p dfj, - / <jj £ y £ ip <p dii £ + rf 
Jo Jo Jo 
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where the last equality follows from (5.18) for e = 0, since y° G I? 
Finally, we write III 6 as 



III s = I v £ y e ipdn e = I ipu £ y £ LpdiJ £ + J2 I Dj^z E uj £ y e V d^ . 




Since, by (3.8), (z £ ) converges to uniformly, while, by (7.2) and (9.19), the norms of 
u e and y e in L 2 (0, fx e ) remain bounded, we conclude that 




From (9.21), (9.22), (9.26), and (9.27) we obtain (9.20). □ 



Lemma 9.4. Under the hypotheses of Theorem 7.8, for every <p G C^°(0) we have 



where a is defined by (9.8). If the functions u e and v s belong to Hq(Q) for every 
e > 0, then (9.28) also holds with <p = 1. 

Proof. We prove the lemma only in the case ip G (O) , since, under the additional 
hypothesis u £ , v e G Hq(Q) , the proof with (p = 1 is similar. 

Let y e = u e — v s and let y° = u° —tfjuj . Then properties (9.17), (9.18), and (9.19) 
are satisfied by the definition (7.20) of v e and by (3.5), (3.8), (5.22), (7.1), (7.2), (7.12), 
(7.13), and (7.14). Using y = y £ ip as test function in (7.11) we get 




u e - v s \ 2 (pdfi s } 



(9.28) 




(9.29) 




Using (9.7) and (9.8) we obtain 



(9.30) 




From (9.30) and (9.20) we deduce (9.28). 



□ 
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Lemma 9.5. Under the hypotheses of Theorem 7.8, for every y E Hq(Q) n L 2 (fi, fjP) 
we have 

(9.31) f yda° = [ yu°dfi°, 

Jn Jn 

where a is defined by (9.8). 

Proof. First of all we recall that u° E H 1 ^) n L 2 (0,^°) by Theorem 9.1. Let us fix 
(f E C£°(fi) with <p > in O. By Lemma 9.4 we have 



(9.32) 



/ A°D(u° -ifjiv°)D(u -ifj(v )pdx + 
Jn 

+ [ (u° -tjju°)ipda - [ {u° - ^u°)^LU <pdfj,° > 0. 
Jn Jn 



for every $ E H 2 (Q) n W^°°(Q). By Proposition 4.7 the set {i/juj : if) E C c °°(0)} is 
dense in H&(tl) n L 2 (0, /) . Therefore (9.32) implies that 

(9.33) I A°D(u° - z)D(u° -z)pdx + [ (u° - z) <p da - [ (u° - z) z <p d^t° > , 
Jn Jn Jn 

for every z E H£(Q) n L 2 (0, /jP) . 

We now use Minty's trick, and we take in (9.33) z = u°( + ty , with t E R, y G 
i^o(O) PlL 2 (0, / u°), and £ G C£°(fi) with ( = 1 on supp</?. Dividing by t and passing 
to the limit as t tends to we obtain 



y (p da = y u°(p d/j, . 
Jn Jn 



Since u° E L 2 (fi, fjP) , we obtain (9.31) by approximating 1 by a sequence (cpk) of 
functions in C£° (ft). □ 

Proof of Theorem 7.4- In view of Theorem 9.1 the function u° belongs to if 1 (ft) n 
L 2 (ft,//>). From (9.8) we have 

/ A°Du°Dydx+ [ yda°= [ fydx Wy E Hq (ft) fl L 2 (ft, / u°) . 
Jn Jn Jn 

By Lemma 9.5 this implies (7.11) for e = 0. □ 

Proof of Theorem 7.8. Since u belongs to if 1 (0) fl L 2 (ft, jU°) by Theorem 9.1, it is 
enough to apply Lemmas 9.4 and 9.5. □ 
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10. Problems with more general data 

In this section we state and prove global and local convergence and corrector results 
for relaxed Dirichlet problems of the form (5.9) and (7.11), when the right hand sides 
f s and / are replaced by more general linear functionals L e , and when the strong 
convergence of (f s ) in i7 _1 (0) is replaced by the strong convergence of (L e ) "along the 
sequence" of spaces (Hq (O) n L 2 (fi, /j 6 ))' . 

Strong convergence of the data 

For every e > we consider an element of the dual space (Hq(Q) flL 2 (fi, fi s ))' , i.e., 
a linear functional L e : Hq(Q) fl L 2 (0, [i £ ] — > R such that 



for a suitable constant C e < +oo (the constant a is introduced in this formula for future 
convenience) . It is easy to prove that each functional L £ can be represented in the form 





(10.1) 




where f e G H- 1 (Q.) and g £ G L 2 (0,^ e ). 



In this section we assume that 



(10.2) 



strongly along the sequence (Hq (O) Pi L 2 (0, /U e ))' , 



in the sense that 



(10.3) 



limL e V)=LV), 



for every subsequence e 
satisfies 



7 of e (see Notation in Section 2) and every sequence (y £ ) which 



(10.4) 
(10.5) 
(10.6) 



y e ' G H \n) n L 2 (0, Ve' > , 

y e ' y° weakly in Hq(£1) , 
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Note that y° G L 2 (0, / u°) by Theorem 9.1. Since (10.3) holds true for every sequence 
(y s ) which satisfies (10.4), (10.5), and (10.6), it is easy to prove by contradiction that 
there exists a constant C < +oo such that for every e > 



i 



(10.7) \L £ (y)\ < C{a / \Dy\ 2 dx + / \y\ 2 dfi e y My G Hq(Q) n L 2 (0, /z e ) . 

When L e is represented as in (10.1) with g £ = 0, it is easy to see that (10.2) is 
satisfied if (f e ) converges to f° strongly in i7 _1 (0) (this condition is also necessary if 
all measures \i e are zero). The case where the functions g e are not identically zero is 
of course more difficult to handle, since the measures [i e vary, and the corresponding 
spaces L 2 (0, /j, £ ) may be different for different values of e. This leads in a natural 
way to definition (10.2), where we used the word "strongly" since the test functions 
y s in (10.3) are only assumed to be uniformly bounded in the corresponding spaces 
H^(Q) f]L 2 (n,fi £ ). 

In this definition the presence in (10.3) of subsequences e' (and not just of the whole 
sequence e) is due, among other reasons, to the fact that we want that the convergence 
of (L e ) implies the convergence of any subsequence. 

Global convergence and corrector results 

By the Lax-Milgram lemma for every e > there exists a unique solution u e to the 
problem 

{u £ g H^(Q)nL 2 (n, /j e ) , 
r r 
/ A £ Du £ Dydx+ / u s ydfi £ =L e (y) My G Hq{Q) fl L 2 (0, fi e ) . 

The following theorem is a generalization of Theorem 5.4. 

Theorem 10.1. Assume (5.1), (5.18)-(5.24), and (10.2). For every e > 0, let u e be 

the unique solution to problem (10.8). Then (u s ) converges to u° weakly in Hq(Q) . 

Proof. By (3.1), (3.2), and (10.7), using y = u £ as test function in (10.8) we obtain the 
estimate 

£|2j^, i / L,£|2 r e 



(10.9) a / \Du £ \ 2 dx+ / \u £ \ 2 d^ e < C 2 . 

Extracting a subsequence, we may assume that 

(10.10) u s -± u weakly in Hq(Q) , 
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for some function u G Hq(Q) . By Theorem 9.1 we have u G L 2 (fi,//°). We will prove 
that u = u° . Since the limit does not depend on the subsequence, this will prove that 
the whole sequence (u £ ) converges to u . 

If y G #o(Q) n L 2 (n,/j°) satisfies J n fydx = for every / G L°°(Q), then y = 
a.e. in O. By the Hahn-Banach theorem, this implies that L°°(0) is dense in the dual 
space of Hq(Q) fl L 2 (0, fjP) . Therefore, given r\ > 0, there exists f v G L°°(0) such that 

(10.11) \L°(y)- f f v ydx\< V {a[ \Dy\ 2 dx+ f \y\ 2 dfi°y Vy G H^(Q) nL 2 (Q, /) . 

For every s > let be the unique solution to problem (5.9) with f £ = f v - By 
Theorem 5.4 we have 

(10.12) u e v ->> u° v weakly in H^(Q) , 

and taking y = as test function in (5.9), with f £ = f v , we obtain 

(10.13) sup/ |^| 2 cfy/ < +oo. 

e>o Jq 

Using y = u £ — as test function in (10.8) and (5.9), with f £ = f v , we obtain by 
difference 

(10.14) a [ \D(u s -u £ T1 )\ 2 dx+ [ \u £ -u%\ 2 d[f < L £ {u £ - u £ v ) - [ f v (u £ - u^) dx , 

Jq Jq Jq 

for every e > 0. By (10.3), (10.9), (10.10), (10.12), and (10.13) we have 

(10.15) lim {L £ (u £ -u £ )+ [ f v (u £ - u e ) dx} = L°(u - u°) - [ f v (u - u°) dx . 

Jq Jq 

Let jl be the measure defined in the proof of Theorem 9.1. By (9.3) we have 

a / \D(u-u° r) )\ 2 dx + / \u- u° v \ 2 djj° < 
Jq Jq 



(10.16) 



< 



liminfja / \D(u £ - u £ ) \ 2 dx + [ \u £ - u £ v \ 2 d/j £ } . 
Jq Jq 



IQ JQ 

From (9.6), (10.11), (10.14), (10.15), and (10.16) we obtain that 

(10.17) a [ \D(u-ul)\ 2 dx+ [ \u - v°A 2 dy° < ^rf . 

Jq Jq « 

Using (10.14) for e = 0, we obtain from (10.11) 

(10.18) a [ \D(u° -u° ri )\ 2 dx+ [ \u° -u^d/j <7] 2 . 

Jq Jq 

From (10.17) and (10.18) we get 

a [ \D(u-u°)\ 2 dx<4^ V 2 . 
Jq « 

Since r\ > is arbitrary, we conclude that u = u° . □ 
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The next theorem is a generalization of Theorem 7.2. 

Theorem 10.2. Assume (5.1), (5.18)-(5.24), (7.1), (7.2), and (10.2). Let 5 > 
and let ipg be a function in H 2 {Q) D W 1,00 (Q) which satisfies (7.3). Assume that the 
functions v e 5 defined by (7.4) belong to Hq(Q) . Then we have 

(10.19) limsupja / \Du e — Dv e 5 \ 2 dx + [ \u e - v e 5 \ 2 d^ e } < 5 . 

e^O Jn Jn 

Proof. Let us fix 5' < 5 such that 

(10.20) (3 I \Du° - D(i; 5 u )\ 2 dx+ [ \u° - il> s u \ 2 dn° < 5' . 

Jn Jn 

For rj > 0, let f v , u*, and u® be as in the proof of Theorem 10.1. Using (10.20) and 
(10.18), we fix rj > small enough such that 

(10.21) VS J +-r J <Vd, 

a 

(10.22) (3 I \Du° v - D(ijsu )\ 2 dx+ [ \u° v - VWTV < 5' . 

Jn Jn 

Therefore we can apply Theorem 7.2 with f = f v and we obtain 

(10.23) limsupja / \Du e - Dv e s \ 2 dx + [ \u e - v £ s \ 2 dfi £ } < 5' . 

s^o Jn Jn 

As (u e ) converges to u° weakly in Hq(£1) by Theorem 10.1, using (10.11), (10.14), 
(10.15), and (10.17) we deduce that 

(10.24) limsupja / \Du e - Du e \ 2 dx + [ \u £ - <| 2 cfy/} < ^rj 2 . 

e^o Jn Jn « 

From (10.21), (10.23), and (10.24) we obtain (10.19). □ 

Local convergence and corrector results 

We consider now the case where the functions u e are solutions to the problems 



(10.25) 



'n 



A s Du s Dydx+ [ u e yd[f = L s (y) My E Hq(Q) n L 2 (0, / u e ) , 
Jn 



but are not required to satisfy the boundary condition u £ = on <9fi . 
The next theorem is a generalization of Corollary 7.6. 
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Theorem 10.3. Assume (5.1), (5.18)-(5.24), (7.1), (7.2), and (10.2). For every e > 0, 
let u £ be a solution to problem (10.25). Assume that 

(10.26) u £ -± u° weakly in if 1 (ft) , 

for some function u° G if 1 (0) . Then u° is a solution to the problem 
u° G H 1 ^) n £ 2 OC (0, , 

/ A°Du°Dydx+ [ u°ydiJ = L°(y) My G Hl(Q.) n L 2 (0, /jP) , 
Jq Jo. 



(10.27) 



where H^(Q) denotes the space of all functions u G if 1 (0) with compact support in 
O. If, in addition, u° G L 2 (Q,ij, ), then the last line in (10.27) holds for every y G 

H^{n)nL 2 {n,ijp). 

Proof. As we have seen in the proof of Theorem 10.1, for every r\ > there exists 
f v G L°°(0) which satisfies (10.11). Let us fix an open set U CC £1 and let (p G C£°(0) 
such that ip = 1 on U . Using y = u £ (p 2 as test function in (10.25), and then (3.1), (3.2), 
(10.7), and (10.26) we obtain 

(10.28) sup/ \u £ \ 2 d^i £ < +oo, 

e>0 Ju 

which implies that u° G L 2 (U, fi°) by Theorem 9.1. For every e > let be the unique 
solution to the problem 



(10.29) 



e v -u e eHZ(U)nL 2 (U,fJi e ), 

A s Du s r] Dydx+ [ u%yd^= [ f^ydx My G Hq{U) fl L 2 (IJ, fj, £ ) 
Ju Ju 



Taking y = u £ — u e as test function in (10.29) and (10.25), we obtain by difference 

(10.30) a i \D(u e -u £ v )\ 2 dx+ / \u £ - u £ \ 2 d^i £ < L £ (u £ - u £ v ) - / f v (u £ -u £ v )dx, 

Ju Ju ' Ju 

for every e > 0. By (10.7) this implies that (u £ — u £ ) is bounded in Hq(U) and that 
the integrals J v \u £ — u^dfi 6 are bounded. Using (10.26) and (10.28), we conclude that 
(u £ ) is bounded in H 1 ^) and 

(10.31) sup / \u £ \ 2 dn £ < +oo . 

e>0 Ju 
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Extracting a subsequence, we may assume that 

(10.32) u £ v -± u weakly in H l (U) , 

for some function u E H X (U) with u-u° E H%(U) . By (10.31) and by Theorem 9.1 the 
function u belongs to L 2 (U, fi°) . Using both assertions of Corollary 7.6, u is a solution 
to the problem 

/ A°Du Dy dx + [ uydfjP = [ f v ydx Vy E Hq(U) fl L 2 (U,/jP) . 
Ju Ju Ju 

Since u — u° E Hq(U) fl L 2 (U, , by uniqueness, we have u = u® . 
By (10.2), (10.26), (10.28), (10.31), and (10.32) we have 

(10.33) lim {L £ (u £ - u e ) - [ f v {u e - u e ) dx} = L°(u° - u°) - [ f^u - u°) dx . 
Let pP be the measure defined in the proof of Theorem 9.1. By (9.3) we have 



(10.34) 



a [ \D(u° -u° v )\ 2 dx+ [ \u° -u° v \ 2 dfi < 
Ju Ju 

<liminf{a / \D(u e - u e )\ 2 dx + / \u e - u £ \ 2 d^ £ ] . 
Ju Ju 

From (9.6), (10.11), (10.30), (10.33), and (10.34) we obtain that 

(10.35) a [ \D(u° -u° ri )\ 2 dx+ [ \u° - u^dfi < 

Ju Ju 



? 4 

a 



P 4 2 



Since, by (10.11), f v converges to L° in the dual space of Hq(Q) PlL 2 (0, /uP) as r\ 
tends to 0, the solution vP of (10.29) for e = converges in Hq(U) fl L 2 (U, /U ) , as r\ 
tends to , to the solution v° of the problem 

v°-u° EHi(U)nL 2 (U,v°), 



(10.36) 




A°Dv°Dydx+ [ v°ydn = L°(y) Vy E Hq{U) fl L 2 (U,fjP) 
Ju 



On the other hand, by (10.35), (vP) converges to vP in Hq(U) fl L 2 {U,yP) as r\ tends 
to 0. We conclude that vP = v and is the solution of (10.36). Since this holds for every 
open set U CCO, this implies that vP is a solution of (10.27). 

The final statement of the theorem can be proved as explained before Corollary 7.6. 

□ 
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The next theorem is a generalization of Theorem 7.7 

Theorem 10.4. Assume (5.1), (5.18)-(5.24), (7.1), (7.2), and (10.2). For every e > 0, 
let u e be a solution to problem (10.25). Assume that 

u e — L u° weakly in , 

for some function u° G . Let U be an open set with U CC O, let d > , let ipg 

be a function in H 2 (U) n W 1,<X> (U) which satisfies (7.18), and let Vg be the functions 
defined in U by (7.4). Then 

(10.37) limsupja / \Du £ - Dv e s \ 2 dx + \u £ - v £ s \ 2 d^ e } < 5 , 

e^O Jv JV 

for every open set V CC U . 
Proof. Let us fix 5' < 6 such that 

(10.38) (3 I \Du° -D{^gu°)\ 2 dx + [ \u° - ^a;°| 2 d//° < 5' . 

Ju Ju 

For rj > 0, let f v , u^, and u® be as in the proof of Theorem 10.3. Since (it°) converges 
to u° in Hq(U) fl L 2 (U, /j, ) , we fix rj small enough such that 

(10.39) V6 J +-7 1 <V6 

a 

(10.40) (3 I \Du° v - D(^ s uj )\ 2 dx + [ \u° - ^gco°\ 2 dfj, < 8' . 
Therefore we can apply Theorem 7.7 with f = f v and we obtain 

(10.41) limsupja / \Du s - Dv s s \ 2 dx + \u e v - v e 5 \ 2 d^ £ } < 6' , 

£^0 Jv ' Jv 

for every open set V CC U. Using (10.11), (10.30), (10.33), and (10.35) we deduce that 

(10.42) limsupja f \Du s - Du s v \ 2 dx + [ \u e - u £ \ 2 dfj, £ } < ^rj 2 . 

e^o Ju Ju 'a 

From (10.39), (10.41), and (10.42) we obtain (10.37). □ 
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